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Abstract

The emergence of the public and private cloud services resulted in on demand access
to infrastructure, applications and other resources. For instance the the big data
applications requires parallel processing of massive data on thousands of servers.
These servers must be able to communicate with each other, to produce the final
result. This communication requires a huge amount of network bandwidth. This
amount of data raised many challenges to the existing TCP/IP network architec-
ture. Software Defined Networking (SDN) has been proposed as a new network
architecture to tackle these challenges.

The SDNs are capable of managing the network resources in a centralized man-
ner. They allow dynamic and efficient network configuration to increase the net-
work’s performance. This increase in performance is accomplished by disassociating
the forwarding process from the routing process. The network’s function is decou-
pled into two distinct planes: the control plane and the data plane. The control
plane is in charge of managing the network’s resources efficiently, while the data
plane is responsible for forwarding the packets from source to destination.

A common use case of SDNs is to facilitate backbone networks. Backbone net-
works consist of large number of devices in the network and relatively long distances
between nodes. The long distances of between nodes raises a constraint that the
controller of a SDN could not be placed in a bad location, i.e. the controller has
minimum distances between a handful of switches and long distances between the
remaining devices. Instead, the controller must be placed at a location that its dis-
tance from the devices of the network is minimum. This problem is the 1-median
problem.

There are numerous ways to tackle this problem the most common is to formulate
the problem in an integer linear problem and then solve it using heuristics. This

study presents an approach that incorporates elements of algebraic graph theory.
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The proposed approach uses the spectral characteristics of the distance matrix, in
which rows and columns are indexed from the nodes of the graph and is populated
with the shortest distance between each pair of nodes. More specifically, the pro-
posed method uses the eigenvector of the distance matrix that corresponds to its
largest eigenvalue, this eigenvector is also named principal eigenvector of the dis-
tance matrix. The selection of median is done by finding the element of the principal
eigenvector that is closer to zero.

The evaluation of the proposed method is performed over various cases and
number of nodes in random tree graphs. Its aim is to select the optimal solution of
the median problem applied to SDNs. A program in Python programming language
is developed in order to facilitate this evaluation process. This program is responsible
to create the random tree graphs, produce the distance matrix and then to compare
the acquired solution to the actual median.

The proposed method is firstly evaluated on random tree graphs with each edge
weight equal to one. The proposed method is not able to find the optimal solution
in some cases of these graphs. The proposed method is also evaluated on random
tree graphs that its edges have random weights. The results show that the proposed

method can find the median of a graph in most cases even in large-scale topologies.
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H eugdvion tev Snuoctev xon LW TIXMY UTNRECLHOY CAOUD ElYE WC ATOTEAECUN TNV XUT
draitnomn medoouor oc UTodoués, EQUPUOYES xou dAAouc mopouc. T'ar mapdderyya, ot
EQUOUOYES UEYIAWY Bedouévwy amantoly Topdhhnin enclepyacio Lalixcv BedoPEVeY
o€ YUALEDECS Broxolio TéC. AuTol oL BloxoUlo TEC TEETEL Vo elvar o€ VEaT Vo ETLXOVGYVOUY
LETAEY TOUG, TPOXEWEVOL VoL THEAEOUY TO TEMXO ATOTEAECUA. AUTH 1) ETXOWVGVI Al
el TepdoTo BavdeidTn BttOou. AuTtdg 0 OYxog BeEdoUEVWY EVECE TOMESC TEOXANOELC
oty undpyouca apyrtextovxt| dixtbov TCP/IP. To Software Defined Networking
(SDN) éyel mpotardel w¢ VEa opyttextovixr BixTOou yiol var AUGEL auToU Tou €B0Ug TIg
TEOXAY|CELC.

To SDN etvan icovd v StoyetplCovton Toug TOpoUC ToU BIXTOU UE XEVTEXS TEOTO.
Emitpémouy tn Suvoguixn xat armoTeAeoUaTXr OLaop@maT dixTO0UL Yol Vo uEAGOUY TNV
am6door Tou.  Auth 1 adinomn g anddooN EMTUYYAVETAL UE TOV OLoyOploud NG
otaduaoiog Tpominong dedoUEVKY amtd T SLadixacia BPOUOAGYNONG TWV ToXETWY. H
Aertovpyla Tou BixTOoU amodounToL G VO DUPOPETIX ETUNEDN: TO ETiTEDO EAEYYOU
xan To eninedo dedopévewy. To eninedo eAéyyou elvon utediuvo yia TN amoTEAEGUATIXY
Oty elplon TwV TépwY Tou BIXTVOV, EVEK TO ETUTEDO BEdOUEVLY elvon UTELYLVO Yior TNV
TEOMUNOT TWY TUXETWY OTO TNV TNYY| GTOV TEOOPIGUO.

M ouvniiopévn nepintwon yerone twv SDN ebvar 1 dwyeioion twv backbone
OtOwY. Autol Tou eldouc dixTuo amoTEAOUVTOL amd UEYIAO apliud CUOXELGY GTO
0ixTUO Xo1 OYETING YEYAAES amooTdoEelS PETAl) xOufwvy. Ot yeydieg anoctdoelg uetadd
TV xOUBwv dnuovpyoly évay teploptoud 6Tl o controller evog SDN dev Yo urnopoloe
vo. tonoVetniel oe xoxry Véom, dnhadr oc onucio 6mou o controller €yel ehdyloteg
AMOGTACELS UmO UEEIXOUS XOUPOUC TOU BIXTUOU XL PEYBAES AmOOTACES UETUED TRV
umoAomwY xOuPwy. Avt dutou, o controller mpénel v Tomodetniel oe Wi Véon mou
1 AmOOTACT TOU Amd TIC UTOAOITEC GUOXEVES Tou OTOou elvor eAdylotn. Autd To

TeOBANUa Aéyetar 1-median.
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Trdpyouy ToALOL TEOTOL Yol TNV AVTYETOTIOT TOU CUYXEXPEVOL TRoBAYUaTOC, 1)
o xowr evon 1 Slatunwon Tou oe Integer Linear Problem xou otn cuvéyeta vo emhu-
Vel ue TV Ypnom eVEETXAOY UeBOdwY. AuTY| 1) UEAETY TaPOLGIAEL Uiol TROGEYYLOT] TTOU
EVOWUATOVEL oTolyelo TG alyePpinic Vewplog yedpwy. H mpotewvduevn mpocéyyion
XenoulomoLel o gaouatixd yapaxtneoTixd Tou distance matrix, otnv omolo oL ypo-
Uéc xa ot oTHAES eupeTneLdlovTon amd Toug XOUBOUSC TOU YEAPOU Xl CUUTANRMOVETOL
UE TN WxedTepn ambotoon uetoll xdde (ebyoug xoufwy. Ilo ouyxexpyéva, 1 meo-
TEVOUEVT YEV0BOS yenolpoTnotel To Wodlaviopa Tou distance matrix mou avtioToryel
otn ueyalbTepn wioty Tou. H emdoyy| Tou median xouBou yiveton ye tnv edpeon
Tou GToLyEloU TOU (VPLOU LBLOOLUYOOUATOS TOU EVOL TILO XOVTH GTO UNDEV.

H a&iohdynon tne mpotevouevng Yedddou TporylaTomolelTal O TUYaloug Ypdpoug
OEVTEPWY o OLdpopoug aptduols xOuPny. Xtdyog tng elvar vo emhélel T PEATIOT
AOom tou median mpofBifuatog egapuoopévo oto SDNs. "Eva npdypoupa ot YAOooo
Tpoypappotionol Python avantiooetan mpoxeyévou va dieuxohuviel T dSadixacto o-
glordynone. Auté to mpdypoupa eivor LTEGYUVO YioL TN BNUIOVEYI TWV TLY AWV YEAPEY
OEVTPWY, TNV TopaywYT Tou distance matrix xou ot cUVEYELX TN GUYXELOT TNG ADoNG
NG TEOTEWOUEVNS UeVdBoL Ue To mpaypatixd median Tou Sixtiov.

H npotewouevn uédodog allohoyeiton oe Tuyala yeapruato 6évipwy 6Tou To Bdpog
xdde olvoeorg elvon (oo ue Eva. H mpotewvouevn pédodog dev etvar o VEom vo Peet
BéATIoTN ADOT OE 0PLOPEVES TEQITTWOELS ALTOY TWV Yedpwy. H mpotewvduevn uédodog
allohoyeltan enlong oe Tuyola YRUPHUAT BEVTEWY TOU OL GUVBEGELS TNG €Y 0LV Tuyold
Bden. Ta anoteréopata detyvouy 6Tl 1 mpoteEOuEYY UéVodoc umopel va Peet Tov
median Tou Ypd@pou TS TEQICCOTEPEG TEPLTTWOELS OXTUWY OXOUY] XAl OE TOTOMOYIEG

HEYEANG 2hipoag.
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Chapter A

Introduction

OMPUTER networks are built from a large number of devices like routers,
switches and a wide variety of middleboxes. Network operators are respon-
sible to configure these devices in order to respond to the network’s events

as well as applications’ standards. Thus, they have to manually install those high
level policies to the network devices while converting them to low level policies.
Additionally, they have to take under consideration the dynamic nature of complex

networks. Usually, they have to install those policies with limited access to tools.

A key technology that contributes to the dynamic nature of the internet is the
Internet of Things (IoT). In the IoT realm, many every day objects will be on the
network in one form or another. Sensor technologies will rise to meet this new
challenge in which information and communication systems are integrated in the
every day environment resulting into, the generation of enormous amount of data
that have to be stored, processed and presented in a seamless, efficient and easily

interpretable form.

In order to overcome this issue the idea of programmable networks has been pro-
posed to aid the network evolution as its infrastructure has become critical to the
society. In particular, Software Defined Networking (SDN) [12] is a new paradigm
where the forwarding process is decoupled from the routing process (control process).
SDN aims to simplify the network management by allowing software developers to
rely on network resources in the same manner as they do on storage and comput-
ing resources. In this paradigm, the network intelligence is logically centralized in

software-based controllers (control plane) and the other devices are responsible only
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for packet forwarding (data plane). This can be programmed via an open interface,
e.g. ForCES [1], OpenFlow [2], etc.

A.1 The 5G concerns

The evolution of humankind in technological advancements over the years resulted
in an exponential increase of devices that have internet access. Also, these devices
penetrate the everyday life of families in order to accommodate for everyday jobs,
like housekeeping, etc. These devices have access to the internet to enable remote
control. This technology is called the Internet of Things.

IoT has many applications [3, 4, 5, 6] in both the corporate and domestic fields.
In the corporate field, an IoT application enables the remote control and monitoring
of automation, industrial manufacturing, logistics, and transportation of goods. In
the domestic field, IoT aids to ease everyday life such as assisted living, smart homes,
offices, and a notable contribution of IoT is of course in healthcare applications |7,
8,9, 10, 11].

[0oT combined with the upcoming technology of fifth-generation networks (5G)
is used in many applications consisting of large-scale networks. The large-scale
networks produce an enormous amount of data on an hourly basis or even every
minute. The collected data must somehow be transferred and stored in databases.
The transportation of data is a very demanding process on the network resources.
To accommodate for the amount of data transferred over the internet, the number
of network devices has increased dramatically, resulting in higher demand of manual
configuration. To minimize the manual configuration of the networking devices such

as routers and switches, the new paradigm of SDN is proposed.

A.2 Software Defined Networks

Software Defined Networks (SDN)s are capable of managing the network in a cen-
tralized manner while allowing dynamic and efficient network configuration [13].
Frequent use of SDNs is to facilitate backbone networks [14, 15]. Specifically, SDNs
allow dynamic and efficient network configuration in order to increase the network’s

performance and monitoring. This is accomplished by disassociating the forwarding
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Figure A.1: An example of a SDN network. The solid lines present the connections
between the switches (data plane) and the dashed line presents the connection to

the controller (control plane).

process from the routing process. Specifically, SDNs decouple the function of the
network into two distinct planes, the control plane and the data plane [12, 16]. The
control plane is responsible for managing the resources of the network by routing
the packets to minimize the utilization of the network traffic. The data plane is
in charge of transferring the packets from source to destination. In Figure A.1, an
SDN network is presented. It is distinguished the control plane consisting of the
controller and the data plane comprised of the switches. The solid lines present
the connections between the switches of network and the dashed line presents the
connection to the controller.

The involved devices of the control plane are the switches and the controller of
the domain. The domain is a group of switches assigned to a controller. When traffic
is generated at a host of a particular switch, then this switch creates a PACKET_IN
message to the controller. Also, PACKET_IN messages are created when a switch
accepts a message that does not know how to handle it. This accommodates for
the case where the packet comes from another domain, i.e. a neighboring switch
that is assigned to a different controller. When a controller accepts a PACKET_IN
message, has to respond to the switch with a PACKET_OUT or a FLOW_MOD message.
This message instructs the switch on how to handle the incoming packet. In order

to improve the network’s performance, the time taken to receive the response must
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be minimized. Specifically, the time for the controller to receive the PACKET_IN
message and transmit the packet_out or the FLOW_MOD message to the switch. Thus,
the minimization must be performed between the switches and the controller.

To minimize this waiting period, the controller must be placed in such a way that
its distance from the switches of the domain must be the lowest. Extensive research
has been conducted on this problem, which is similar to the facility location problem.
For the facility location problem, numerous studies try to find a suboptimal solution.
The facility location problem is an np-hard problem [17] that has troubled many

researchers on how and where to place the controller with minimum cost.

A.3 Facility Location and Algebraic Graph The-

ory

Facility location problem has been studied for over a century [18], but the researchers
are interested into it because, there are numerous problems that can be formulated
as a facility location problem. Also, they developed new approximation algorithms
in order to solve the facility location problem. The facility location problems can
be divided into two categories, such as capacitated and uncapacitated facility lo-
cation problems, which can be solved by formulating the problem into an Integer
Linear Program [19, 20]. Facility location problem has many applications in supply
chain [21], in healthcare applications [22], IoT [23], etc.

Even though the approximations to the facility location problem are very close
to the optimal solution, their time complexity is very high. This means that the
approximations of the problems take too long to compute. For this reason, the
researchers found different methods to solve the facility location problems, such as
simulated annealing [24, 25] and metaheuristic approaches [26, 27].

As a network can be formulated as a graph, someone would be interested in
solving the facility location problem using algebraic graph theory [28, 29]. This
would be possible if the topology of the network is known. For the particular case of
SDNs, the topology of the network is known, as the controller has complete topology
information. By finding an algebraic solution to the facility location problem, the
researchers could understand in more depth the problem and would find easier as

well as, computationally faster methods to solve it.
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A.4 Past Related work

There is extensive research interest in the facility location problem, as this problem is
studied for over a half century [30]. Tcha and Yoon [31] deal with a stochastic facility
location problem, where the demands of customers are known random variables.
This paper uses a step function to distribute the customers’ demands, to such a
degree that the problem is approximated by a linear programming problem and

then solved by a heuristic procedure.

Galvao and Raggi [32] present a binary formulation of the uncapacitated fa-
cility location problem. To solve the uncapacitated facility location problem they
developed a 3-stage solution. The proposed solution consists of hierarchical struc-
ture of algorithms stacked on top of each other, activated one at a time, when the
previous one is not able to find the optimal solution. At the top is a primal-dual
algorithm, then, follows a subgradient optimization to solve a lagrangean dual and
finally, a branch-and-bound algorithm. This solution solves simpler problems in its
early stages, while the “harder” problems may need the final stages of the algorithm

in order to be solved.

Erlenkotter [33] tackles the uncapacitated facility location problem by formulat-
ing it in a linear programming dual. He solves it through simple ascent and adjust-
ment methods that produces a monotone improvement of the dual objective. These
methods often provide an optimal solution directly, if not, they provide bounds for
a branch and bound procedure that completes the search for the optimum. This
method is tested in 48 different large scale problems and in 46 of them a linear

programming problem gives an optimal integer solution.

Goldengorin et al. [34] propose branch and peg algorithms which are based on
the branch and bound ones. The proposed algorithms make use of some rules to
reduce the size of Simple Plant Location Problem (SPLP), or uncapacitated facility
location problem, instances. These rules are constructed with the help of the pseudo-
Boolean representation of the SPLP. Additionally, these rules are not only used from
the preprocessing step, as well as a tool to solve or reduce the size of a subproblem.
This representation is also used to compute efficient branching functions. The results
show that the proposed branch and peg algorithms outperform the branch and bound

ones.
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Heller et al. [35] are the first researchers that motivated the controller placement
problem. They are focused on the number of controllers that are needed for a
known topology and where they should be placed. They showed that one controller
is sufficient to meet existing time constraints.

Sallahi and St-Hilaire [36] proposed a mathematical model for the controller
placement problem in SDNs. This mathematical model takes as an input a set
of switches, then determines the optimal number of controllers, their location, and
type. The model tries to minimize the cost of the network while considering different
constraints. The simulations show that the models work in small-scale networks.
Contrariwise, in large-scale networks, the solver runs out of memory and takes too

much time to solve the problem.

A.5 Contribution

The identification of alternative approaches can lead to efficient solutions, even if
they are not the optimal ones. To this end, an approach incorporating elements of
algebraic graph theory is proposed in an attempt to better understand how these
unintuitive elements may contribute to finding a solution to the k-median problem.
In particular, the 1-median problem is tackled, as it constitutes the stepping stone
to the general solution.

In this study, the 1-median problem is tackled by using the algebraic graph
theory. The 1-median of a graph is approximated with the spectral characteristics
of a relatively unstudied matrix of the algebraic graph theory. More specifically,
this study makes use of the distance matrix, in which rows and columns are indexed
from the nodes of the graph and are populated with the shortest distance between
each pair of nodes. This study proposes the approximation of the 1-median problem
by finding the element of the distance matrix’s principal eigenvector that is closest
to zero.

The proposed method is evaluated in various cases and number of nodes in
random tree graphs. For the evaluation process, a program in Python programming
language is developed. This program is responsible to create random tree graphs,
produce its distance matrix and then compare the solution that the method proposes
to the median. The proposed method is evaluated on random tree graphs with each

edge weight equal to one and in cases that the weights of the edges are random.
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A.6 Thesis Structure

The rest of this study is structured as follows. Chapter B presents the definition
of facility location problem and introduces the algebraic graph theory. First, it
introduces the facility location problem and its types. Then, it introduces basic
concepts of Algebraic Graph Theory. More specifically, it discusses some concepts
of graph theory, like directed, undirected and weighted graphs. Furthermore, it
presents basic concepts of matrix algebra like matrix multiplication, determinant
of a matrix, eigenvalues, and eigenvectors of matrices. Finally, it discusses the
adjacency matrix of a graph and its spectral properties.

Chapter C defines the median problem. Then, it introduces the creation of
the distance matrix and its spectral properties. Finally, this chapter examines the
special topology of trees.

In Chapter D, the experimental results are presented. This chapter presents the
proposed method for finding the median of a graph. Then, it discusses the limitations
of this method on simple graphs. Next, this chapter details the experimentation
environment. Finally, it presents the experimental results of the proposed method.

Finally, Chapter E concludes this study. Also, the Chapter E gives directions

for future work.
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Chapter B

Elements of Facility Location
Problems and Algebraic Graph
Theory

HIS chapter presents the facility location problem while presenting the ca-
pacitated and uncapacitated types of facility location problems. Also, it in-
troduces some basic concepts of Algebraic Graph Theory. More specifically,

it introduces some types of graphs like, directed and undirected. Additionally, it
presents the concept of weighted graphs. Furthermore, it refers to the basic concepts
of matrix algebra like matrix multiplication, determinant of a matrix, eigenvalues,
and eigenvectors of matrices. Finally, it presents the adjacency matrix of a graph

as well as some spectral properties of the adjacency matrix.

B.1 Facility Location

The facility location problem is one of the most well studied problem in operations
research [37, 38|, computer science [39, 40] and in computational geometry [41,
42] as well. This problem examines the methods on how to place the facilities to
minimize transportation costs while considering other factors like, locations that
are not appropriate to facilitate hazardous materials because they are located near
residential areas.

A facility location problem is also named a Weber problem in the branch of

9
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geometry. A facility is to be placed at a location that minimizes the weighted sum
of distances from a given set of points/sites. More complex formulations of the
problem consider the placement of multiple facilities, constraints on the available
locations of the facilities, and more criteria that affect the placement of the facility.

Often facility location problems are solved as integer programs. Integer Pro-
gramming is a well-known method to formulate real-world problems, including many
np-hard problems. Most of the techniques to solve these integer programs are based
on linear programming relaxations. These techniques are followed because solving
linear programs is much easier computationally than solving integer programs. The
integer programs are np-hard, while the linear ones can be solved in polynomial
time [43].

Facility location problems are usually presented as follows: suppose there exist
n possible facilities and m customers. The goal is to find (1) which of the n facilities
to open and (2) which opened facilities to use for the supply of the customers in
order to satisfy their demand at minimum cost. Let f; denote the opening cost of a
facility ¢, for @ = 1,...,n. Let ¢;; denote the cost to transfer a good from a facility
1 to a customer 7, fort=1,...,nand j =1,...,m. Now suppose that the facilities
have a maximum amount of goods that can produce in a unit of time. So, each
facility ¢+ has a maximum production p; for a unit of time. More precisely, p; denotes

the capacity of the facility . The remainder of this section follows [44].

B.1.1 Capacitated Facility Location

Let’s introduce a binary variable x; for ¢« = 1,...,n, where x; = 1 if the facility ¢
is opened, and z; = 0 otherwise. Additionally, the introduction of a new variable
is essential. The fraction of the demand d; filled by a facility 7 is represented by
the variable y;; for i = 1,...,nand j = 1,...,m. The capacitated facility location

problem is given by

man Z Z cijdjyij + Z fzxz
=1

i=1 j=1
such that

Yo yij =1 forall j=1,...,m

> diyi; < pivy foralli=1,...,n

Yij > 0 foralli=1,...,nand j=1,...,m

x; € {0,1} foralli=1,....,n
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Note that the constraints ensure that when the facility 7 is not opened (z; = 0),

no demand of any customer can be filled to the facility .

B.1.2 Uncapacitated Facility Location

From the capacitated facility location problem someone could set the production
(capacity) of a facility into p; = 400 for all i = 1,...,n. In this case, it is always
optimal to satisfy the whole demand d; of the customer j to the nearest opened
facility 7. For this reason, we may replace the continuous variable y;; from the
capacitated facility location with a binary variable z;;, where z;; denotes if a cus-
tomer j is supplied by the facility 7. From above the uncapacitated facility location
problem is given by

n m n

min Z Z cijd;zi; + Z fixi
i=1 j=1 i=1

such that
Yoz =1 forall j=1,...,m
Doz < Mz foralli=1,...,n
zij €40,1} foralli=1,...,nand j=1,...,m
z; € {0,1} foralli=1,...,n

where M is a constant chosen to be suitably large.

B.2 Algebraic Graph Theory

B.2.1 Graph Theory

A network can be defined as a group of devices that are interconnected to commu-
nicate with each other [45]. A graph G = (V, E) is formed by a set V' of vertices
and a set I of edges or links that connect pairs of vertices. The cardinality of V' is
denoted by n and the cardinality of E by m. If two vertices are connected, there is
an edge that links them, then these vertices are adjacent and they called neighbors.
An edge that connects two vertices u,v € V is denoted by {u v}. The degree of a
vertex v € V' of a graph G = (V, E) is the number of edges connected to it.
Graphs can be distinguished in undirected and directed. In undirected graphs, the
connections of vertices do not restrict the route between the vertices. An undirected

edge that connects two vertices u,v € V is denoted by {u v} or {v u}. Yet, in
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the directed graphs, an edge has a direction that restricts the route from a node
to another node. A directed edge that connects two vertices u,v € V is denoted
by (u v) which is not the same as (v u). An undirected graph can be defined as
a directed one, where each edge {u v} of the undirected graph is replaced by two
opposite directed edges, like (u v) and (v u). Figure B.1 presents an example of a

directed and an undirected graph.

Often it is useful to associate numerical values (weights) with the edges of a
graph, these graphs are called weighted graphs. These weights are represented by
a function w : F — R that assigns a weight to each edge. Depending on the
problem, edge weights can describe various properties such as cost (e.g. travel time
or distance), capacity, strength of interaction, or similarity. Also, there is another
type of graph which is the unweighted one. An unweighted graph G = (V, E) is
equivalent to a weighted graph, where each edge e € FE applies w(e) = 1. The
diameter of a graph is the greatest shortest distance between any pair of vertices.
In order to find the diameter of a graph, first, find the shortest path between each
pair of vertices. Then the greatest length of any of these paths is the diameter of
the graph. For example, the diameter of the graph presented in Figure B.1a is the
path between nodes 1 and 6, the path is 1 —+ 2 — 4 — 6, with length 3.

B.2.2 Matrix Algebra

This section introduces some basic concepts from linear algebra.

Matrices

An m x n matrix consists of mn real numbers organized in m rows and n columns.
The element a;; of an array A is positioned at the i row and the j column. An
m x 1 matrix is called a column vector of order m, similarly a row vector is an 1 X n
matrix of order n. An m X n matrix is called a square matrix if the number of
rows m is equal to the number of columns n. A square matrix is symmetric when

aij:aji,fori:1,...,nandj:1,...,n.
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(a) A directed graph. (b) An undirected graph.

Figure B.1: Examples of a directed graph and an undirected graph.

Addition and Multiplication of Matrices

The addition of two matrices is defined only when both matrices have the same size.

Let A and B two matrices with the same size, the addition is defined as follows:
Rij = aij + bij

There are two possible types of multiplication in linear algebra: 1) a matrix
multiplied by a scalar and 2) a matrix multiplied by a matrix. The multiplication
of matrices is defined only when the number of columns of the first matrix is equal
to the number of rows of the second matrix. The scalar multiplication is done by
multiplying all the elements of the matrix with the scalar. The matrix multiplication
is performed by multiplying the rows of the first matrix with the columns of the
second matrix. The multiplication of two matrices results in a matrix with the
number of rows equal to the number of rows of the first matrix and the number of
columns equal to the number of columns of the second matrix. Let A be an m x n
matrix and B be an n X p matrix, the resulted matrix of AB will be an m X p matrix.
Let

a b e f
c d g h]

A= B =
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the result of multiplication AB is equal to

ae +bg af + bh
ce+dg cf +dh

AB =

The formula for the result of C = AB is defined as follows:

Cij = Zaikbkj7
k=1
where n denotes the number of columns of the first matrix.

Determinant

The determinant of a square matrix is a scalar value that is a function of the matrix’s
entries. It characterizes some properties of the matrix and the linear map represented
by the matrix. Specifically, the determinant of a square matrix is nonzero when the
matrix is invertible. Invetrible is called an n x n matrix A when there exists a matrix
B of the same size such that AB = BA = I,, where [,, denotes the identity matrix
of order n. The identity matrix is a square matrix with ones in the main diagonal
(i.e. when i = j) and zeros elsewhere. The determinant of a matrix A is denoted as
det(A) or |A|.

In the case of a 2 X 2 matrix the determinant can be defined as

b
Al =" | = ad - be.
d

C

Similarly, in the case of a 3 X 3 matrix the determinant is computed as

a b c
d d
Al=ld e fl=al® T op]® F4c]? ¢
g hoi h 1 g 1 g h

Eigenvalues of a Matrix

Let A be an n x n matrix. The determinant det(A — \I,,) is a polynomial in the
variable A of degree n and it is called the characteristic polynomial of A. The
equation

det(A— M) =0
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is called the characteristic equation of A. This equation has n complex roots. These
roots are called the eigenvalues of A.

The eigenvalues of a matrix A might not be distinct. The number of occurrences
of an eigenvalue as a root of the characteristic equation is called the algebraic multi-
plicity of the eigenvalue. If \{, ..., )\, are the eigenvalues of A, then the trace of the

matrix A, the sum of entries of the main diagonal, is equal to the sum of eigenvalues,
n
traceA:)\1+---+)\n:Zaii.
i=1

To illustrate by an example, let

2 1
A= :
1 2
Taking the determinant of (A — AI), the characteristic polynomial of A is
2—A 1
|A— M| = =A% — 4\ + 3.
1 2—A

Solving the characteristic equation, its roots are A = 1 and A\ = 3, which are the
two eigenvalues of A. Also, the sum of eigenvalues of A is equal to the sum of the
main diagonal of A, i.e. traceA = a1 1+ az 92 =2+ 2 = A\ + Xy. The eigenvalues

are usually ordered as follows: A\, < A\, 1 <--- < )\

Eigenvectors of a Matrix

The eigenvectors correspond to each eigenvalue A; of a matrix A. They can be found

by solving for the components of v in the equation
(A= X)v=0.
By developing the equation we get
(A=X)v=0= Av - Av=0= Av = \v.

By solving the system for the components x; of vector v for each root of the charac-
teristic equation of matrix A, we get the eigenvectors of the matrix A. To continue

the example, the eigenvectors can be found by solving the system

2.1'1 + Ty = )\.1'1

T+ 2562 = )\l’g
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for 1 and xs, for each eigenvalue A. So, the eigenvectors of the matrix A are any

el o)

The eigenvector that corresponds to the greater eigenvalue is also called the principal

nonzero scalar multiples of

eigenvector of the matrix.

B.2.3 Adjacency Matrix of a Graph

The adjacency matrix A(G) of an unweighted graph G = (V, FE) is produced by
filling in a square n x n matrix of order n, where n = |V|. The rows and columns
of the adjacency matrix are indexed by its nodes. Each entry a;; of the adjacency
matrix is equal to one if there exists a link between the nodes ¢ and 7, zero elsewhere.
The main diagonal of an adjacency matrix is populated by zeros. In the case of
directed graphs, the adjacency matrix is populated as follows, the entry a;; is equal
to one if there is an edge that starts from node 7 and ends at the node 5 and zero
in all other cases.

For example, the adjacency matrix of the directed graph presented in Figure B.1a

18

011000
001110
000010
000011
000000

0000 0 0

Instead, the adjacency matrix of the undirected graph presented in Figure B.1b

18

[ I N e =
O = = O O O

O O O = = O
O = = O ==
_ O O = = O
= O O = = O
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Properties

As shown above, the adjacency matrix of an undirected graph is a square symmetric
matrix of size n, where n = |V|. The eigenvalues of an adjacency matrix are real
and the sum of its eigenvalues is equal to the adjacency’s trace which is equal to
zero. Also, the adjacency matrix has an orthogonal eigenvector basis.

The greatest eigenvalue A\; is bounded above by the maximum degree. Let v be
the principal eigenvector and p be the component in which v has maximum absolute

value. Assume v, is positive. Then
v, = (Av), = Z Ay yvy < Z Ay Ve = videg(x)
y=1 y=1

The matrix product of n copies of A has an interesting interpretation: the ele-
ment (i, 7) of A" gives the number of walks of length n from vertex i to vertex j. If
n is the smallest positive integer, such that for some i, 7, the element 7, of A" is

positive, then n is the distance between the vertices ¢ and j.
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Chapter C

Distance Matrix and the Median
Problem

HIS chapter gives the general definition of the median problem. Then, it
| presents the creation of a distance matrix and some spectral properties of

it. Finally, this chapter discusses the particular topology of trees. This
topology is the main focus of this study.

C.1 Median Problem

The facility location problem can be defined as follows: suppose there exist n number
of sites that can be either a facility or a customer. The goal is to find which one

of the n sites to be the facility/median of the network. Let ¢;; denote the cost to

transfer a good from the site ¢ to the site j, fori=1,... ,nand 7y =1,...,n. Each
site has a demand d; of goods, for ¢ = 1,...,n. So the median problem is given by
i=1

For example, consider the topology shown in Figure C.1. This graph is comprised
of 8 nodes, each edge of the network has a random weight in [0, 1]. For each node
of the graph a random demand is computed. Table C.1, captures the demand d; for

each node as well as the cost C;. The cost for each node is given by
Oi = Z Cij-
j=1

19
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Figure C.1: A weighted graph of 8 nodes.
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Hereafter, the selection of the optimal location for the facility to be placed is a
deterministic process as the median node is the node with minimum cost. For this
particular case, there are two nodes that have the minimum cost. Thus, either of

nodes 3 or 4 could be the median of the network.

Table C.1: Characteristics of the graph presented in Figure C.1.

i d; C;

1 094 0.5
2 041 041
3 059 0.3
4 0.24 0.36
5 096 0.3
6 0.78 0.33
7 041 042
8 091 0.73
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C.2 Distance Matrix

The distance matrix H of a graph G = (V, E), shows the cost of the shortest
distance between two nodes. The columns and rows of the distance matrix are
indexed by the nodes of the graph. More specifically, the (7, j) entry of a distance
matrix H shows the cost of the shortest path between the nodes ¢ and j. Similar
to the adjacency matrix, the main diagonal of the distance matrix is populated by
zeros. The distance matrix of undirected graphs is symmetric, i.e. h;; = h;; for
t=1,...,nand 5 = 1,...,n. For example, the distance matrix H of the graph

presented in Figure B.1b is

N R = = O
o = = O =
O = = NN W

W N N == O
NN O = =N
_ O N = =N

C.2.1 Spectral Properties

The Distance Matrix is a square symmetric matrix and is populated by real numbers,
thus its eigenvalues are real. The sum of its eigenvalues is equal to zero as the trace
of the distance matrix is equal to zero. All values of the principal eigenvector of the

distance matrix have the same sign.

C.3 'Tree Topologies

An SDN controller knows the underlying topology of the network. This topology
could be defined as a graph on n nodes. In order for the control and the data plane
to be as much as possible efficient, the routing is done by selecting the shortest
path for each pair of nodes. Thus, SDNs use only the minimum spanning tree of
the network. If the minimum spanning tree of a network is known, someone could
use it to select an optimal location to place the controller. Thus, in this thesis, an
assumption is made that the tree topologies presented are the minimum spanning

trees of networks.



22 Chapter C. Distance Matrix and the Median Problem

A tree graph is an undirected graph in which any two vertices are connected by

exactly one path. A tree graph G can satisfy any of the following conditions:
e (G is a connected and acyclic graph (G does not contain loops).
e (G is acyclic and a simple cycle can be formed by adding an edge to G.
e (5 is connected, but it would become disconnected if any edge is removed.

If a tree graph G has n vertices, then the above statements are equivalent to any

of the following:
e (G is connected and has n — 1 edges.

e (G is connected and every subgraph of GG includes at least one vertex with zero

or one incident edges.

e (7 does not contain cycles.

C.3.1 Cases of a tree topology

All edges of the examples in this subsection have unit weight, i.e. w, = 1,V ein E, of
a graph G = (V, E). Also, the rates r; of the vertices are all the same, i.e. r; = 1 for
each vertex i in V. Zelinka [46] studies the median problem in tree topologies, which
corresponds to the graph’s center of mass. The simplest form of a tree topology is
the line topology as shown in Figures C.2a and C.2b. The line topology is a good
example for someone to understand the mechanics of the median problem. There
are two cases of line topologies: 1) when the number of vertices/nodes is odd and
2) when the number of vertices is even. The simplest case on the path topology is
of course the first one, as the median of the graph has the same number of nodes to
each side, in Figure C.2a top and bottom side.

The second case is shown in Figure C.2b. The network has an even number of
nodes in a path topology. When there is an even number of nodes in a network,
there is no one node that has an equal number of nodes on each side, as presented
in the example the middle nodes have one node at one side and two on the other
side. Thus, this topology has two medians. In the third case C.2¢, in a simple tree
topology, where the node with minimum distance to all other nodes is the median

node.
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Figure C.2: Examples of tree topologies. A light red node presents the median of
the graph. (a) A path topology of odd number of nodes. (b) A path topology of

even number of nodes. (c) A simple case of a tree topology.
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Chapter D

Proposed Method and Simulation
Results

HIS chapter presents the experimental results. More specifically, it discusses

| the main limitations of the proposed method for finding the median of a
simple tree graph. A simple tree graph is a tree graph where all edges have

equal weights, i.e. w, = 1 for each edge e as well as the demand of all nodes are
equal. Then, the method is evaluated on tree graphs that have random weights on

edges.

In order to find the optimal placement of an SDN controller, someone has to
redefine the median problem to work in SDNs. Let redefine the median problem
in the case of SDNs. The goal remains the same as the general median problem,
i.e. find the optimal placement of the SDN controller. All the switches of the SDN
network are possible candidates for being the controller. Each switch has a random
PACKET_IN rate r; in [0,1]. The weight of each edge represents the time needed
for a packet to be transmitted from one node to another. Thus, the median problem

can be defined for the particular case of the SDN controller as

n

min; E CijTiy

=1

where ¢;; denotes the shortest distance between the switches 7 and j.

25
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D.1 The Proposed Method

The proposed method uses the spectral space of the distance matrix. This method
selects the median from the principal eigenvector of the distance matrix. More
specifically, this method selects the median by detecting the entry that is closest to
zero of the principal eigenvector of the distance matrix. The index of the entry that

is closest to zero corresponds to the median of the network.

D.2 Experimentation Environment

This section presents the tools that are used to take the experiments and the ex-
perimentation process. The networks are created using the NetworkX [47] library,
which is a Python package that enables the creation, manipulation, and study of
structure, functions, and dynamics of complex networks. Also, the NumPy [48] li-
brary is used for the manipulation of matrices. Numpy is a scientific computing
library in Python that provides multidimensional array objects, an assortment of
fast routines including mathematical, logical, basic linear algebra operations, etc.
First, the simulator creates a new topology or reads an existing one saved in the
hard drive. Then the simulator assigns the weights on the edges and gives each node
a rate. After the assignment of weights, the simulator computes the network’s diam-
eter. Then, the simulator exports the distance matrix from the produced network’s
topology and computes the eigenvalues and eigenvectors of the network. Next, the
simulator selects a node using the proposed method and then computes the median

as well.

D.3 Main limitations of the method

First, the proposed method is evaluated on all non-isomorphic permutations of trees
for number of nodes smaller than or equal to 20. It is worth mentioning that the
method is evaluated in topologies, where the weights of the edges are equal and the
PACKET_IN rates as well. The evaluation of the method showed that the method is
capable of finding the median of the network in all cases of small tree topologies,
i.e. the number of nodes does not exceed 16 nodes. When the number of nodes is

increased to 17 then, the method was not able to work properly in some cases. More
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specifically, the number of networks that the method is not able to find the median
node is nine networks. Then the method is tested on 18 nodes, the method can find
the median at all cases of networks comprised of 18 nodes. In the case of 19 node
networks, the method is not able to find the median in some cases of networks. The
number of networks of 19 nodes, that the method is not able to find the median
node, rises to 314. Similar to the 18 node networks, the method is able to find the
median in all cases of networks that have 20 nodes. For networks that have more
than 20 nodes, there is always a network that the method is not able to find the

median.

From the experimental process, two cases are detected that the proposed method
is not able to find the median. The first case is when the second smallest cost can
be found two times in the table of costs. And the second case is when the smaller

costs are different.

D.3.1 The case of equal costs

The Figure D.1 presents a tree network of 17 nodes. The diameter of this particular
network is equal to 8 hops. A path whose length is equal to the diameter is presented
with light blue nodes. The green node of the network is the median, while the light
red node is the node that the proposed method selected.

Table D.1 is shorted on the values of the principal eigenvector P of the distance
matrix. The median selected by the proposed method is node 1, which is on a path
that its length is equal to the diameter of the network. The difference in mean
cost between the median and the node that the proposed method selected is 0.0625,
while the difference in the principal eigenvector is 0.00003. This small difference
both in the cost as well as in the principal eigenvector shows that these nodes affect

the network in a similar way.

Table D.1 also shows that the node 3 has the same cost as the node that the
proposed method selected. Why the spectral method does not select the node with
the biggest degree, as it has the same cost? Also, the proposed median seems to be
influenced by the longest path of the network. It is easily observed that the proposed
median “tried” to go near the middle node of the biggest path of the network.
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Figure D.1: The nodes with the light blue color represent a path that its length
is equal to the diameter of the network. The light red node represents the median

found by the proposed method. The green node corresponds to the actual median.

D.3.2 The case of different costs

The network presented in the Figure D.2 consists of 17 nodes. The diameter of this
particular network is equal to 7 hops. A path whose length is equal to the network’s
diameter is presented with light blue nodes. The green node of the network is the
median, while the light red node is the node that the proposed method selected as
the median of the network.

The Table D.2 is shorted on the values of the principal eigenvector P of the
distance matrix. The median selected by the proposed method is the node with
1 = 0, which is on a path that its length is equal to the diameter. The difference in
mean cost between the actual median and the median selected with the proposed
method is 0.0625, while the difference in the principal eigenvector is 0.00075. This
small difference both in the cost as well as in the principal eigenvector shows that
these nodes affect the network in a similar way.

Table D.2 also shows that the node with ¢ = 8 has the biggest degree and is
the actual median of the network. From the topology presented in Figure D.2, the
node selected as the median ¢ = 0 is part of the path that its length is equal to
the diameter. Then, the question that remains from the case of the same costs of
the neighbors is, Why the proposed method cannot find the median, but as median

selects a neighboring node of the median that is closest to the middle node of a path
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Table D.1: The spectral characteristics of the graph presented in Figure D.1

i P; C; d;
1 0.1747422 2.6250000 3
2 0.1747737 2.5625000 2
3 0.1804749 2.6250000 8
0 0.1967529 3.0625000 2
11 0.2240696 3.4375000 2
13 0.2251463 3.6250000 2
10 0.2384409 3.5625000 1
9 0.2384409 3.5625000 1
8 0.2384409 3.5625000 1
7 0.2384409 3.5625000 1
6 0.2384409 3.5625000 1
5 0.2384409 3.5625000 1
4 0.2384409 3.5625000 1
14 0.2608435 4.3125000 2
12 0.2806657 4.3750000 1
15 0.3050024 5.1250000 2
16 0.3590556 6.0625000 1

that its length is equal to the network’s diameter?

D.3.3 Similar topologies

29

The topologies presented here have a common characteristic, that has to do with

the degree of nodes. More specifically, the presented topologies have a node that

has almost the half nodes of the network as neighbors. In these cases the method

is not able to detect the median node. Now it is interesting to evaluate the method

on similar topologies from above. These topologies could be created by changing

the position of a leaf node (i.e. has one neighbor) to an arbitrary position in the

network.

Using the topology presented in Figure D.1, suppose that the node with index 12

changes position. More specifically, the node with index 12 becomes neighbor of the
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Figure D.2: The nodes with the light blue color represent a path that its length

is equal to the diameter of the network. The light red node represents the median

found by the proposed method. The green node corresponds to the actual median.

node that has index 0 and it is not neighbor with the node 11. It is worth mentioning
that this change in the topology does not affect the diameter of the initial topology
either the median of the network. The evaluation on this new topology showed that
the proposed method is able to find the median of this network.

The same behavior occurs in the topology presented in Figure D.2. For example,
let the node 4 of the network to change position. The node 4 is neighbor with the
node that has index 0 and is not neighbor to the node 3. In this case, the diameter of
the network changes and becomes 6. In contrast, the median of the network remains
the same, i.e. the node with index 8. The proposed method is able to select the

median node.

D.4 Experimental results

The evaluation showed that the proposed method has limitations on finding the
median node in the cases of trees where the weights of edges are the same. Thus,
the proposed method is evaluated on trees with random weights. More specifically,
the proposed method is tested in six different sizes of networks starting from 20
nodes in 20 node increments. For each size of the network, the proposed method is

tested in 1000 cases. Each tree network is created randomly and random weights,
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Experimental results

Table D.2: The spectral characteristics of the graph presented in Figure

i P; C; d;
0 0.1612879 2.0625000 3
8 0.1620313 2.0000000 9
1 0.1967758 2.6250000 2
5 0.2076586 2.7500000 2
16 0.2298242 2.9375000 1
15 0.2298242 2.9375000 1
14 0.2298242 2.9375000 1
13 0.2298242 2.9375000 1
11 0.2298242 2.9375000 1
10 0.2298242 2.9375000 1
9 0.2298242 2.9375000 1
12 0.2298242 2.9375000 1
2 0.2397144 3.3125000 2
6 0.2618920 3.5625000 2
3 0.2917295 4.1250000 2
7 0.3260417 4.5000000 1
4 0.3547906 5.0625000 1

31

in the range [0, 1], are assigned to the links that connect two nodes.

Figure D.3 depicts the mean number of hops between the node that the proposed
method selected and the median of the network. More specifically, the proposed
method is evaluated in six different sizes of networks from 20 nodes in 20 node
increments. For each network size, 1000 different random tree topologies are created.
After the creation of the network, each link between the nodes has a random weight
assigned to it. The results show that the proposed method can work in large-scale
topologies as the mean number of hops stay relatively stable throughout the increase

of the network’s size.
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Figure D.3: The mean number of hops between the node selected using the proposed
method and the median, evaluated on six different sizes of random trees. For each

size of network, 1000 different cases are evaluated.
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summary and Conclusions

In this thesis, the facility location problem was examined, in order to be implemented
in Software Defined Networks. More specifically, this study was focused in the 1-
median problem applied to Software Defined Networks, using alternative approaches,
that can lead the researchers to efficient solutions, even if they are not optimal, as
the current approaches have enormous computational demands even in small-scale
topologies.

To this end, an approach incorporating elements of algebraic graph theory was
proposed. The proposed approach uses the spectral characteristics of the distance
matrix to find an optimal solution to the 1-median problem. More specifically, the
proposed method uses the eigenvector of the distance matrix that corresponds to its
largest eigenvalue. The median is selected by finding the element of the eigenvector

that is closest to zero.

The proposed approach was evaluated over various cases and number of nodes
in random tree graphs. The evaluation focuses to find the optimal solution of the
median problem applied to SDNs. To facilitate this evaluation process a program
in Python programming language was developed. This program was responsible to
create the random tree graphs, compute the distance matrix and then compare the
median that the proposed method selects to the median of the network.

The proposed method was firstly evaluated on random tree graphs with each edge
weight equal to one. In some cases of these graphs the proposed approach could not
find the optimal solution. Then, the proposed method was evaluated on random

tree graphs where the edges had random weights. The results were unexpected as

33
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the proposed method could find the median of the graph in most cases even in
large-scale topologies.

The proposed approach does not take under consideration the PACKET_IN rate of
the switches. Also, the proposed approach is not able to be applied in a k-median
problem. These limitations may be the stepping stone for future work. The future
work may be directed on finding a method to incorporate the PACKET_IN rates to
the proposed method. Additionally, an extensive examination on the cases of tree
topologies that the proposed method was not able to find the median. Finally, the
proposed approach would see a great improvement if it was extended to solve the

k-median problem.
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Appendix
Glossary

Switch
Control Plane

Data Plane

Controller

Adjacency
Matrix

Acyclic Graph
Characteristic
Polynomial
Characteristic
Equation
Vector

Degree

Diameter

Directed
Graphs
Distance

Matrix

A device that connects the devices of the network using packet
switching to recieve and forward data.

Manages the resources of the network to minimize the network
utilization.

Forwards the packets from source to destination.

The responsible node of the network that manages the net-
work resources.

A square matrix that represent a gragh, its elements indicate
whether pair of nodes are adjacent or not.

A graph that does not contain loops.

The polynomial produced from the determinant det(A — AI)
on variable \.

The equation produced by seting the characteristic polyno-
mial equal to zero.

A 2D matrix that the size of one dimention is equal to zero.
In graph theory, the number of neighbors of a node.
Number of hops contained in the longest shortest path be-
tween nodes of a graph.

Graphs that its edges have a direction from one node to an-
other one.

A matrix that its entries corespond to the distance between

respective the nodes.
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Eigenvalue

Eigenvector

Identity
Matrix
Median
Problem
Minimum

Spanning Tree

Principal
Eigenvector
Square Matrix
Simetric
Matrix

Trace

Appendix I. Glossary

A solution of the charecteristic equation.

An eigenvector v is produced by solving the equation: Av =
Av, where X is an eigenvalue of the matrix A.

A square matrix that its etries are equal to zero appart from
the main diagonal where there are equal to one.

The problem on finding the node that has the minimum cost
between the network’s nodes.

A minimum spanning tree is a subset of edges of a connected
graph, that connects all vetrices without any cycles and with
minimum possible total edge weight.

The eigenvector of a matrix that coresponds to the biggest
eigenvalue.

A two dimentional matrix that its dimetions sizes are equal.
A matrix is called simetric when transposed matrix is the
same with the original one.

The sum of the main diagoanal of a square matrix.



Appendix II

Notations
G A graph
V Set of network nodes
E Set of network edges
A The adjacency matrix
H The distance matrix
d; The degree of node i
C; The mean cost of the node 2
i The i*" eigenvalue
Vi An eigenvector that coresponds to \; eigevalue
Pi The i*" entry of the principal eigenvector of the distance matrix H
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Appendix III

Abbreviations
SDNs Software Defined Networks
5G Fifth-generation networks
IoT Internet of Things
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Index

acyclic graph, 22
adjacency matrix, 16
algebraic graph theory, 4
algebraic multiplicity, 15

capacitated facility location problem,

10
characteristic equation, 15
characteristic polynomial, 14
column vector, 12
controller, 3, 25

degree, 11
determinant, 14
diameter, 12
directed graphs, 12

distance matrix, 21, 26

edges, 11
eigenvalue, 15

eigenvector, 15
facility location problem, 4, 9, 19
graph, 11

identity matrix, 14
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invetrible matrix, 14

matrix addition, 13
matrix multiplication, 13
median problem, 19, 25

minimum spanning tree, 21
principal eigenvector, 16, 26
row vector, 12

Software Defined Networks, 2
square matrix, 12

symmetric matrix, 12

trace, 15
tree graph, 22
tree topology, 21

uncapacitated facility location
problem, 11

undirected graphs, 11

unweighted graph, 12

vector, 12

vertices, 11

weighted graphs, 12
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