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Chapter 1

Preface

The next statement is false.
The preceding statement is true.

1.1 General introduction

1TH the advent of computers, initially analog and now digital, the incessant quest for knowledge

has entered a new phase whose potential is yet to be explored. Said quest historically throughout

their stages has been heavily relying on innovative and ingenious ways to perform knowledge mining,
beginning from modelling natural phenomena with systems of partial differential equations and culminat-
ing to modern day data driven knowledge discovery applied on a broad spectrum of domains from long
supply chain optimization and smart city planning to computational neurosciences as in the Human Brain
Project! EU flagship research programme, advanced omics sciences including the Human Genome Project?,
and space exploration carried out by high end computational clusters and even quantum computers as of
recently. Besides the obvious progress in computer science and computers themselves this description
implies, there has been also a substantial increase in both the algorithmic and computational complexity
of the problems to be addressed as well as a seemingly disproportional one in resources required including

‘https://www.humanbrainproject.eu
*https://www.genome.gov

xiil



xiv CHAPTER 1. PREFACE

but not limited to silicone chip wafers and electrical power, as the recent global semicondictor shortage of
2020-2023° and the ongoing cryptocurrency mining massive trend* make perfectly clear respectively.

A critical observation is that humanistic data play a crucial role in said quest for reasons which will
be shortly explained later on. Such data will be extensively studied in this dissertation and in fact they
will be one of its focal points, as its title made clear. Humanistic data are generated and are instrumental
across a broad spectrum of diverse social, financial [SOO024], and technological sectors [IKR24] such
as digital innovation and entrepreneurship [LWGR24], education [SD24], smart cities [Ces23; HAA'24;
YJU24], political campaigns [DKK24], Industry 4.0 [MMLF24; JAM*23; GTBM23], social media [MT24],
protein to protein interaction [BHP*23], brain network connectivity [XYH*24; VAVA*23], and large omics
analysis [TLG23]. Central to this dissertation is definition 1.1 outlining the nature of these data, which up
to an extent also defines their scope and the scope of this work.

Definition 1.1 (Humanistic data) Humanistic data are defined as the data collected, processed, and uti-
lized with the explicit purpose of describing, understanding, or improving part of the human condition. Such
data can be generated by humans or by the social, financial, political, or technological environment directly
influenced by human activity and can come in various forms allowing different processing methodologies.

From the above description it follows that the contemporary world abounds with humanistic data which
are ripe for processing with a wide array of algorithms and techniques and for gaining valuable insight
on all sorts of purposes. As a concrete example, the Greater London Authority (GLA) under the Mayor
of London has released and maintains since 2017 online mutliple datasets relating to the urban life there
including traffic, COVID-19 reports, air and water quality, and employment® governed by a strict code
of data quality and privacy —not to be confused with the city of London in Canada which coincidentally
also maintains a similar digital archive of open data®. GLA reports that its data repository is over a hun-
dred terabytes already. Furthermore, on a global scale it is currently estimated that more than 400 million
terabytes are being generated with each passing day’. The potential of efficiently harnessing the knowl-
edge found inside these enormous datasets is tremendous and it emphasizes the necessity for algorithmic
schemes which are inherently designed to overcome the following challenges of humanistic data [Wu24]:

& Volume: Humanistic data are generated en masse from a wide array of heterogeneous sources with
different properties. With the advent of high speed electronics, the development of various digital
ecosystems, the Internet of Things (IoT) and personal area networks, and the digital culture of the
general population, the amount of humanistic data generated daily is enormous and continues to rise
at an unprecented scale posing a considerable challenge to existing computational infrastructure.
Thereofe, more sophisticated processing methodologies should be developed in order to counter this
challenge, while simultaneously harvesting knowledge spread in the vast ocean of humanistic data.

& Higer order dependencies: Often humanistic data are described by higher order relationships, such
as second and third order correlations, becuase of memory and feedback effects. These relationships
cannot in the general case be reduced down to a collection of linear ones or involving less factors.
Therefore, although humanistic data can and frequently are heavily preprocessed, their inherent

*https://spectrum.ieee.org/chip-shortage
*https://www.britannica.com/money/what-is-crypto-mining
*https://data.london.gov.uk/dataset
‘https://opendata.london.ca
"https://explodingtopics.com/blog/data-generated-per-day
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complexity remains high. However, this is also a major part of their intrinsic value, since the amount
of knowledge which can be extracted by them is related not only to their size, but also to their
inherent complexity. So, data processing schemes should account for this level of complexity.

& Non linearity: Non linearities frequently arise in humanistic data partly as a direct result of the
higer order interplay between the various factors involved. Additionally, the nature of humanistic
data, which can often be described by systems of differential equations, leads to non linear solutions,
even if said equations are linear, which is not always the case, or can be linearized, which should
be done carefully. In order not to lose accuracy in the final solution in the latter case, suitable
linearization or iterative schemes can be employed. Alternatively, any neural network architecture
should be equipped with an equivalent level of non linearity, typically as activation functions.

& Time dependency: Since human activity progressively changes with time, often in unpredictable
ways after disruptive events, it follows immediately that humanistic data, which by definition de-
scribe this activity, reflect these changes. Of cource the mechanisms through which the original
changes are propagating in the humanistic data sources are not the same for every such source and
may well be rather indirect. Consequently, changes in the human condition may result in subtle
variations to humanistic data. Nevertheless, time dependency exists within the data collected and
should be factored in if meaniningful knowledge is to be obtained.

& Generation velocity: The velocity at which humanistic data is increasing as technology and the
rate of human activity increase. This creates the need for equally quick information processing
systems which may occasionally yield inaccurate results up to a point or provide only a sketch of
the required information which then is gradually enriched within acceptable time limits. In any
case and irrespective of the reasons leading to quicker humanistic data generation, the speed factor
should be taken into account during the design face of current information processing systems. To
this end, suitable aggregation or dimensionality reduction mechanisms can be integrated into them.

& Missing values: Partly as a result of the volume and speed humanistic data are generated, missing
values may be present, whether systematically. Other factors accounting for such missing values
range over a wide array of reasons including schema incompatibility, communication errors, incom-
plete protocols, and faulty equipment. Therefore, missing values are bound to appear in humanistic
data and it is to the best interest of the stakeholders and end users alike that sophisticated algorithms
designed to either enrich or discard data entries with missing values be designed. Neural network
architectures exist or can be training for that task, especially if they perform interpolation.

From the above description it follows that humanistic data are among the most prominent data sources
and, perhaps more importantly, most of these sources are open and public, enabling thus the creation of
large data sets and digital repositories waitining to be mined and their potential harnessed. Because hu-
manistic data abound with relationships about human activity, it would not be an exaggeration to say that
the entire planet is building it own ad hoc neural system through myriads of official and unofficial channels
alike, underpinning the universal human need for communication and knowledge. This is reflected in the
definition of digital awareness given later in definition 1.3 in this section.

The current state of information processing, especially the high level functions allowing the transforma-
tion of information to knowledge, frequently entails some form of graph mining or, equivalently in more
recent scientific terminology, linked oriented data processing. This is not an accident, since human activ-
ity heavily focuses on forming, manintaining, and occasionally dissolving relationships of various types,
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such as personal or professional, each with its own semantics and dynamics, paving the way for numerous
interesting scenarios when more than one relationships interact, most often when they involve the same
group of individuals. This is a key aspect in formulating the principles underlying the design and oper-
ations of graph databases like Neo4j®, which since the beginning of the last decade have been gradually
been integrated into the backbone of modern day digital infrastructure. A major part of the latter has been
and is still being optimized for mining linked data defined below in definition 1.2.

Definition 1.2 (Linked data) Linked data are data point collections structured and interlinked in such a
way that the most efficient knowledge mining exploits the nature and properties of the links between the data
compared to those in the data points themselves.

Definition 1.2 introduces a duality in linked data in the sense that the associated knowledge mining
relies on two closely related yet distinct factors shown right below:

& Vertices (nodes): In most scenarios vertices represent the data points and contain attributes and
other mineable information. Usually they are the starting point in most graph mining algorithms.

& Edges (links): They model the relationships between the data points and are minable themselves.
Typically they are used to connect a data point to relevant neighboring ones.

Observe additionally that definition 1.2 besides the aforementioned duality introduces the relative im-
portance between them, akin to the one frequently encountered in regularization problems in linear alge-
bra. Moreover, this duality and the fact that both vertices and edges can be mined is reminiscent of the
duality in linear operators defined over Hilbert spaces. Within this link oriented and heavily intercon-
nected context it makes perfect sense to wonder whether existing data processing and knowledge mining
algorithms, originally designed for tabular data, suffice for graphs and, more general, for two-dimensional
data where location information, which will be examined in chapter 3, topology, namely the main topic
of chapter 4, and geometry, which will be the focus of chapter 5, are frequently of paramount importance.
For instance, in graphs the set of vertices of a given vertex may contain important information about said
vertex. Additionally, in digital image processing the color coherence or the lack thereof between a pixel
and its neighboring ones can assist in the identification of object boundaries. In addition to the challenges
found in mining humanistic data in general, mining linked data has the additional challenges:

& Distributed knowledge: In linked data a certain piece of information typically is not found in a
single vertex and, instead, it has to be constructed from data found in a neighborhood. This frequently
entails mining information stored in edges which belong to this neighborhood.

& Location sensitivity: In a certain sense it is the opposite of recursion and it contributes to self
similarity through small local perturbations. Moreover, it adds another layer of complexity in graph
mining besides time dependency. In linked data the nature of information stored at a vertex or at an
edge often depends on the segment of the graph they belong to.

4 Connection dominance: In real world graphs edges outnumber the vertices by far. Therefore,
the information found in the edges is more than that stored in vertices. So from a graph mining
perspective edges frequently contribute more, whether directly or indirectly.

*https://neo4j.com
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& Local vs global scale: In graphs scale is instrumental for knowledge mining. Certain properties
and patterns may well hold parts of the graph, but they may vanish when larger parts of the graph or
even the entire graph are examined. This can be partly attributed to the inherently distributed nature
of the information in graphs. In other words, scale plays a crucial role in graph mining. At this point
it should be highlighted that as whether a local or a global property is to be mined is determined by
the graph knowledge mining algorithm employed and the task at hand.

& Emergence phenomena: Emergence is said to happen in an evolving graph when a property,
usually a global one, does not exist until the graph size reaches a certain level. Alternatively, a
graph property may disappear once the number of vertices reaches a threshold. Emergence has been
observed in many large scale evolving graphs and it indicates a fundamental graph transformation.

& Self similarity: Self similarity across different scales or even in the same scale but at different parts
thereof has been one of the reasons that scale free graphs, an important class of real world graphs.
Here it should be mentioned that self similarity is not absolute. Rather, as its name suggests, parts of
the graph are quite similar and often identical according to a structural metric. This property gives
rise to fractal like” * ** phenomena similar to these encountered in Lindenmayer systems like the
ones shown in figures'” 1.2 and 1.3. This allows large graphs of high structural complexity to be
constructed with a few set of evolution rules and a relatively small start graph.

& Recursion: Similar to the property of self similarity, recursion allows the quick construction of large
graphs. However, contrary to self similarity, recursion is stricter as there are no variations between
the various parts of the graph. Examples in art are figures 1.4 in section 1.1 and figure A’.1 in section
A’.1 both by by M.C. Escher (1898-1972)*.

Mining humanistic data as shown in figure 1.1 largely consists of three distinct yet related steps which
yield a humanistic graph complete with attributes. Each such graph models an underlying domain, possibly
in more than one ways depending on the semantics, and typically it is further processed in order to extract
knowledge as it will be seen in chapters 3, 4, and 5 of this work. Moreover, chapter 6 will consolidate the
technical findings of these chapters through the unifying prism of definition 1.3.

& Entity mining: In this stage the important entities of the problem at hand are identified. Typically,
each such entity is a vertex with its own properties as determined either in this step or in the next
ones. Typically this step relies heavily on the problem description as well as on any available context.
Entity discovery can be probabilistic, in which case each vertex has a probability of existence.

& Relationship mining: Once vertices are determined, the relationships between them are estab-
lished. These allow the formulation of equivalence classes between vertices and also they give rise
to structural patterns. In the simplest case there is only one class of relationships, but this needs not
be the case. In fact, there can very well be multiple classes of relationships.

& Attribute mining: Depending on the context, this may be optional or a critical step. Features can
be found in both vertices and edges and, furthermore, they can be interrelated. In the latter case this

°Fractal systems such as the Siperpinski gasket are mentioned in the lyrics of Jonathan Coulton songs

“https://www.youtube.com/watch?v=6tsutU92rrE

"'Observe that the outline of France is often referred to as ’Hexagone, which is clear in the one and two euro coins ~-Many thanks
to Caprice for this observation!

?Recovered from https://allenpike.com/moeling-plants-with-l-systems

Phttps://en.wikipedia.org/wiki/M._C._Escher
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creates an additional dependence between the attributes of neighboring vertices. This is one natural
way to create distributed knowledge in a given graph by exploiting its interconnected nature.

110001010001100111101101010 -
000110001100011110111011011 /
. E—

111001000100111101010111010 /

Figure 1.1: From humanistic data to graphs.

Large scale free graphs with strong self similarity tend to exhibit a Zipf law behavior [TMP*24] when it
comes to properties like degree distribution and eigenvalue scree plot. The principle of least effort [SMS09],
inherently connected to Zipf law, may be an explanation for the structural strength of such graphs. Tan-
gible examples of scale free graphs around us are the Semantic Web [Zha24], as the relationships between
variables and axioms facilitate a graph reasoners can operate on [XYP*24], and the process graphs as-
sociated with the enterprise digital transformation caused by the advent Industry 4.0 [YYJ24]. Another
example are social media such as Twitter (not X) or Reddit, which offer a wide array of services which not
only arguably facilitate the digital and real world lives of their users, but also unify Web portals to a single
and powerful experience. Such services are social login and single sign on services (SSOS) and geoloca-
tion services. To harness their power, elaborate social network analysis (SNA) methodologies based on a
multitude of factors have been developed. Notice that these examples fall under definition 1.2.

Numerous sectors of human activity converge through a multitude of heterogenous social, political,
technological, and economic paths to create what in this dissertation as well as in the associated research
papers is called digital awareness, which is defined below in definition 1.3. Intuitively the latter is the
technological infrastructure allowing the extension of the human awareness spectrum in terms of event
understanding and reaction time. The preceding definition has been inspired by control theory where the
events play the role of input, the human reaction corresponds to state, and the actions caused by reaching
a particular state to output. Therefore, in this context humans act as a closed loop system with respect to
their immediate environment and digital awareness allows them to nagivate in this environment with the
help of technology, which provides the necessary feedback as well as the necessary control mechanisms.

Definition 1.3 (Digital awareness) Digital awareness is the spectrum of activities and events humans can
recognize at a conscious level with the help of technology or with their own senses, especially while attempting
to accomplish a task, along with the cognitive and emotional reactions to these events as well as the actions
taken as a result of thse reactions.

As a concluding remark, inspiration for developing innovative problem solving approaches can come
from myriad directions, especially since computer science is still (thankfully I say!) more an art than
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a science. Major inspirations at a high conceptual level for this dissertation include among others the
pioneering ideas regarding communication and information theory, human perception, and how these can
be integrated [Wie19]. Additionally, the evolutionary ideas, including how species can actually simulate
games in the strict game theoretic sense, as explained in [Daw16]. Other sources of inspiration were the
framework for intuitively handling self reference and infinite loop variations [Hof79; Hof07], randomness
[CC07], simulation [Bau94], which in fact was one of the mandatory reading material for actors in [Tm99],
and discrete memes, like hashtags, and their importance to building thoughts [Bla00]. Special mention
goes to Sid Meier’s** legendary games which were among the first to include an inclination for strategic
thinking, but also empathy and a spirit of cooperation. After all, it is well known the unbreakable rule that
nobody dies in a Sid Meier game [MN20]. So let us remain civilized.

Figure 1.4: Drawing hands — M.C. Escher

1.2 Motivation, objectives, and contribution

The primary research objectives of this dissertation are succinctly given in objective statement 1.1. The
research objectives of this dissertation along with the conclusions will be given in detail in chapter 6.

Objective 1.1 (Thesis research objectives and contributions) The primary research objective is the study
of graphs generated by humanistic data and the development of knowledge mining algorithms based on higher
order principles. The latter are natural for graphs because of the inherently distributed nature of information
stored therein. As an additional objective the effect of these algorithms have on digital awareness as explained
in definition 1.3 is explored. The contributions are in the following areas:

& Graph resiliency evaluation: In numerous technological and financial sectors such as long supply
chain monitoring and logistics, large omics analysis, and transportation networks graph resiliency is an
important operational parameter. Graphs with high resiliency can offer alternatives, often in the form
of richer structural patterns, against structural failures. A tensor stack network trained on Kronecker
synthetic graphs of varying complexity can evaluate said resiliency with results having a high correlation
with Estrada and odd Estrada indices. These rely on graph spectrum which is costly to compute.

“https://en.wikipedia.org/wiki/Sid_Meier
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& Graph information assisted decompression: Since real graphs are frequently large, they come in
compressed forms. One way to compress them is the discrete cosine transform, which heavily relies on
higher order spatial patterns. Keeping only a fraction of the transform coefficients results in information
loss, which can be negated by exploiting graph similarity as measured by graph topological correlation.
In this case, compressed graphs are expanded by a tensor stack network which is given knwoledge of
similar social graphs. As a concrete example graphs from three different fields are used.

& Clustering of brain images for cognitive task recognition: The properties of brain connectivity
networks and its evolution over time are paramount for interpreting neuroimaging results. Although
brain atlases do exist, the need for clustering brain images remains. A self organizing map with various
distance metrics, proximity metrics, reward functions, and learning rates clusters fMRI images repre-
senting three distinct cognitive tasks taken from an open dataset. Combining a tensor distance metric
with Gaussian proximity metric and reward function achieves the best results.

& Affective coherency assessment of Twitter graphs: Emotions are prime action motives for humans
and this is taken well into consideration in the design of social media. A graph neural network relying
on local ground truth state vectors containing primarily linguistic attributes discovers communities in
two large Twitter (not X) graphs with diverse features with considerably more consistency compared to
a first order approximation based on emotional word count. The same holds true in fuzzy Twitter graphs
where the probabilty of a message passing across an edge is also factored in.

Additionally, research objective statements 3.1, 4.1, and 5.1 summarize the work presented in chapters 3,
4, and 5 respectively as shown in table 1.1. This table can serve as a quick index for the reader.

Table 1.1: Chapter research objectives.
Statement Section Objective
Statement 3.1  Section 3.1 Tensor stack network for decompressing social graphs
Statement 4.1  Section 4.1  Self organizing maps for clustering cognitive tasks
Statement 5.1 Section 5.1  Graph neural networks for community discover in social graphs
Statement 6.1  Section 6.1 Conclusions and research overview

As the name of this dissertation suggests, graphs are the mainstay since not only they are the main
data type used, but also they are the basic building block of the knowledge mining algorithms developed
here. Another major driver, closely related to graphs, is tensor algebra as it allows for compact, elegant,
and more powerful notation than that of linear algebra as well as it naturally captures adjacency tensors.
Moreover, moving to higher dimensions is a common technique in the fields of machine learning (ML) and
pattern recognition (PR), often coupled with a suitable non linear kernel.

Each chapter has its own dedicated literature review section which reflects the topics each such chapter
relies on and it is complete with recent as well as with classical references. In table 1.2 these topics are
shown. Observe the symmetry in that the topics progressively move from the more specific to the more
general, always beginning with the neural network architecture described and used in the specific chapter.
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Table 1.2: Bibliography review topics for each chapter.
Section Topics
Section 3.2 Tensor stack networks, tensor signal processing, neural networks, graph compression
Section 4.2 Self organizing maps, fMRI analysis, clustering
Section 5.2 Graph neural networks, graph signal processing, graph mining, SNA
Section 6.2 Research papers by the author.

At this point a note regarding terminology is necessary. Specifically, there are two sets of basic graph
terms, one associated with graphs as algorithmic objects and their structural properties and one denoting
functionality. In particular, the terms vertex®, edge, and graph belong to the first set, whereas the terms
node, link, and network to the second one. In this dissertation the first set will be heavily used. Also, the
terms attribute and feature are considered completely equivalent. The above are summarized in table 1.3,
wherein examples are taken from computer science, logistics, and large omics processing.

Table 1.3: Graph terminology.

Term Context Examples Term Context Examples
Vertex Structural Entities Node Functional Computers
Boolean variables Social media accounts
River banks Proteins
States Brain parts
Symbol states Access points
Edge  Structural Functional dependency Link Functional Network connections
Same clause Friendship
Bridges Protein interactions
Transitions Concurrent activation
Symbols Wireless connections
Graph  Structural Entity collection Network Functional Workgroup, domain, or realm
Proposition Social graph
Konigsberg Protein interaction network

Finite state automaton
Trellis diagram

Brain connectivity network
Wireless networks

The key differentiating points of this dissertation from the majority of preceding research regarding
knowledge mining from connection oriented humanistic data are listed below. They capture a major part
of the innovation spirit of this work, although the interested reader can possibly find other appealing
research topics or bibliographic citations as well. Brief descriptions of these topics follow.

& Tensor algebra is the generalization of linear algebra in at least three dimensions. In this context
vectors and matrices are tensors of dimension one and two respectively. The central idea of con-
necting linear spaces remain, but this is extended to simultaneously coupling more such spaces, not
necessarily distinct between them, through a linear mapping. Despite tensors being linear, they fre-

“Literally peak in Latin.
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quently appear in the linear approximation of non-linear functions, especially in expansions such as
Taylor or Volterra series, often being satisfactory first order approximations.

& Higher order interaction is prevalent in graph mining and in general in knowledge extraction from
link oriented data (LOD) since graphs inherently contain distributed graph which cannot by defini-
tion be harnessed by first or second order methods, namely by accessing a vertex or an edge and their
adjacent vertices or edges respectively. Thus extending the graph information search and processing
in neighborhoods of bigger sizes yields more accurate knowledge, especially if information locality
and spatial coherence is strategically exploited, at the expense of complexity.

& Geometry has recently re-emerged as a popular topic in knowledge mining and engineering for two
primary reasons. First, it places heavy emphasis on loci which have clear conditions. Second, geom-
etry leads to natural constraints based on easily understood by humans concepts such as distances
and boundaries. Therefore, geometry based neural network architectures can rely on both condi-
tions and boundaries to perform regularization and avoid overfitting or vanishing gradients, which
translates to balanced and efficient learning of the main properties of the dataset at hand.

& Unsupervised learning along with reinforced learning, which is not examined here, are viable al-
ternatives to supervised learning as no annotated datasets are necessary. Moreover, knowledge is
progressively extracted by the data themsleves, which may bring to light latent data interdependen-
cies or additional data structure, enhancing therefore the value of large datasets for the respective
stakeholders. A necessary and crucial condition for this is to efficiently and sufficiently code the
geometric properties both into the architecture as well as its impementation.

& A unifying underlying concept throughout this dissertation is digital awareness explained earlier
in definition 1.3. It relies heavily on accurate and timely knowledge generated from vast and un-
structured or semi-structured datasets. To this end, the role of technology is paramount, as it allows
a virtual navigation through the ocean of data in a trajectory dictated by operational objectives
through the formulation of an adaptive feedback loop expanding considerably the perception of hu-
man operators and reducing significantly their reaction time to unexpected errors or failures.

Since this dissertation is about relationships and their management, it makes perfect sense to analyse
how the material presented in each of the chapters 3, 4, and 5 is interconnected. The relationships between
chapters are explained as follows and morever are shown in figure 1.5. For the topics of each research
paper by the author please see appendix A’, where these connections are explained in detail.

Table 1.4: Key differentiating topics in each chapter.
Chapter Tensors Higher order Geometry Unsupervised Awareness

Chapter3  x X X
Chapter 4 x X X X X
Chapter 5 X X X X

In order to make the content of this dissertation accessible to a larger audience in an ever expanding and
highly diverse digital world it has been written in English. The only exception to that rule is subsection
1.5 where the author extends his warmest thanks to the people whose contribution was invaluable from
various aspects at various stages during the research leading to this dissertation.
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Figure 1.5: Relationships between chapters.

tensors
higher order ™ : chapter 4
geometry ™ ’ chapter 5
unsupervsed - ’ chapter 6
awareness (™

1.3 Intended audience and notation

The intended audience of this dissertation is expected to be the equivalent of at least masters level stu-
dents or seasoned practitioners, primarily because of the heavy use of technical terminology of algorithmic
engineering as well as because of the extensive mathematical formalism. Moreover, knowledge of linear
and tensor algebra, graph mining, signal processing, social media analysis, and deep learning is required
and mathematical treatment has no been held back. However, that being written, familiarization with
mathematics is not a strict requirement as most of the concepts can be intuitively understood. Needless to
write at this point that of course everyone is more than welcome to read this text. With the widespread
adoption of humanistic data processing systems, individuals who may be interested in the research find-
ings reported here are smart city administrators, hospital and health infrastructure administrators, social
media designers and political campaign planners, and digital content creators.

Also in this section the notation of this dissertation is presented and explained. Keeping all the symbols
in a central reference point reduces redundancy and helps the reader locating quickly notation conventions.
Table 1.5 summarizes the notation of this dissertation. Technical acronyms are defined the first time they
are encountered in the text and are also summarized in table 1.6. Capital calligraphic letters denote random
variables and spaces, depending on the context, capital boldface are reserved for matrices and tensors, lower
boldface represent vectors, and finally ordinary capital and lowercase letters are scalars. Expressions from
other languages, mostly Latin ones, are written in italics. Square brackets have been reserved for vectors,
matrices, and tensors, whereas parentheses denote tuples.

Observe that as shown in table 1.5 the set cardinality operator and the absolute value operator for scalars
have the same symbol. This, however, should not cause any confusion whatsoever to the meticulous reader
since they appear in different algorithmic settings. Moreover, the use of each will be clear from the context.
Also in many technical texts the same symbol denotes path length in graphs. This has been avoided by
using a dedicated symbol for it in order to make notation clear.
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Table 1.5: Notation synopsis.

Type Symbol Meaning First in
General = Definition or equality by definition Eq. (3.1)
Iy Interval [0, 1] Sec. 3.3
I Interval —Iy U I Sec. 3.3
(SN Interval [0, 27) Sec. 5.1
Linear algebra  vec (M) Matrix vectorization operator Eq. (3.37)
M; ® M, Kronecker tensor product Eq. (3.9)
Xk Tensor multiplication in the k-th dimension Eq. (3.8)
Set theory {s1,...,8n} Set with elements sq,. .., s, Eq. (3.27)
(t1,...,tn) Tuple with elements ty,. .., t, Eq. (5.15)
|S| Set, sequence, or tuple cardinality Eq.
Graph theory  deg (v) Degree of vertex v Eq. (3.55)
edge (u,0) Edge between vertices u and v Eq. (5.16)
edge (i, j) Edge between vertices v; and v; Eq. (5.18)
prob {Q} Probability of event Q Eq.
SOMs loc (x) Grid location for data point x Eq. (4.18)
invloc (u) Set of data points assigned to neuron u Eq. (4.4)
weight (u) Synaptic weights of neuron u Eq. (4.2)
neighb (u1,u2) Indicator function of neighboring neurons  Eq. (4.5)
argmin [f(-)]  Argument minimizing function f Eq. (4.12)

1.4 This is a live document

At the dawn of the digital age live documents are indispensable tools for effective communication where
the data to be displayed, metadata such as digital signatures, and formatting instructions are intertwined.
This reasoning can be carried over numerous file formats including portable document format (pdf)*®. This
dissertation has been written in Xgi&TEX which allows more flexibility and offers more functionality than the
original TgX" typestting system developed by Donald Knuth as well as than KIEX®, its popular successor.
This includes better support for the popular bibtex'” and natbib*® packages, enabling the existence of a
separate references unit for each chapter, facilitating thus bibliography entry lookup. The index was created
with makeindex®', which afer all these years still remains one of the best ways for index creation. To this
end, all internal text references, such as table and bibliographical references as well as section and chapter
mentions, are clickable links leading to the proper point inside the document. However, for aesthetic
reasons and for maintaining consistency with the overall grayscale theme of this text, they have the same
color with the regular font. Although this may sound inconvenient and making such links hard to spot, it
prevents pages from being cluttered and instead maintains their minimalistic design. Moreover, Web links
as well as any other external pointers have been disabled for security reasons. With the notable exception
of figure 5.2 images are grayscale for aesthetic reasons. Wherever possible the appropriate digital object

**https://pdfa.org/resource/iso-32000-2
https://www.tug.org
*https://latex.org
“https://ctan.org/pkg/bibtex
*https://ctan.org/pkg/natbib
*'https://ctan.org/pkg/makeindex
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identifier (stylized as doi as shown in table 1.6) for bibliographic items has been added in order to speed up
online bibliographical search and at the same time to improve its accuracy. Every reference to a person is
accompanied by a link to their homepage, typically part of their respective home organization Web page.
This is done in order to ensure unambiguous references to an ever expanding digital world full of small
world phenomena and manifestations of the Tansley effect®. In table 1.6 the technical acronyms are shown.

Table 1.6: Technical acronyms synopsis.

Acronym Meaning First in

API Application interface Section 3.2
CNN Convolutional neural network Section 3.1
DL Deep learning Section 1.2
FFNN Feedforward neural network Section 3.2
FFT Fast Fourier transform Section 5.1
GSP Graph signal processing Section 3.2
IR Information retrieval Section 3.1
LMS Least mean squares Section 3.1
LOD Link oriented data Section 1.3
LS Least squares Section 3.3
ML Machine learning Section 1.2
MLDA Multilinear discriminant analysis ~ Section 3.2
NLP Natural language processing Section 3.3
RNN Recurrent neural network Section 3.1
SNA Social network analysis Section 1.1
SVD Singular value decomposition Section 3.2
TDA Tensor discriminant analysis Section 3.2

Finally, concerning the text per se, a considerable effort was made to make the text as legible as possible.
To this end, long sequences of paragraphs have been avoided since the reader is usually not inclined to read
them?. Instead, they have been replaced by restructured text, bulleted lists, tables, figures, or other means
as appropriate. Along the same line of reasoning, for readability purposes wherever possible content has
been moved to tables. The last line of every paragraph is terminated within the right half of a page to avoid
giving a sense of incompleteness. For the same reason a page is always terminated at the bottom half of
the page. A section is always terminated with a paragraph. Three lines is the minimum number for each
paragraph. Figures have been added to illustrate the main points. Along a similar line of reasoning, after
an equation is presented frequently an intuitive explanation is additionally given so that the reader can
follow the text flow. Moreover, metatext in the form of chapter or section introduction as appropriate has
been added for clarity. Figures, tables, algorithms, equations, theorems, and definitions are named before
they are used and their names are not capitalized to avoid page cluttering. Figures and tables are properly
credited, otherwise they were made by the author. Harvard comma has been carefully preserved [Obe11].
As stated earlier, proper technical English has been used. Inclusive and gender-neutral language has been
carefully used. Finally, regarding citations, references to scientific works are placed in square brackets,
whereas links to online resources are placed in footnotes to avoid cluttering the bibliographical sections.

*https://wholepeople.com/tansley-effect
“https://www.theguardian.com/commentisfree/2018/aug/25/skim-reading-new-normal-maryanne-wolf
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Said resources have been last accessed during the writing of this dissertation, but every effort has been
made to exclusively rely on major Web sites who are much less likely to remove such a resource despite the
highly dynamic nature of the Web. Formatting guidelines have been taken from the authoritative resource
for TgX and document preparation [KB86][GMS*94].

1.5 Evxapiortieg

210 onpeio avtd Ba 1eda va evyaplotriow tov emiPAémovta Tng StatpiPrig avamAnpwt kabnyntr Tov
novemotnpiov Avtikrg Attikrig Poifo-Andotoro MuAwvd® yia Tnv ayaotr cuvepyoaoio kab®g Ko yo
Vv atodoxrn tov Bépatog To omoio Tov mpoTEWVL. ApYNYE He cLYXWPELS oL o Tahourtwpnoa. Emiong
Bo 0edat var exQPAO® TIG EVXAPLOTIES POV YL TNV ALPWYT] TOVG KOL TLG ETLOLKOSOUNTIKES TTPOTAOELS TOUG
ot Ao 000 péAT TNG TPLHEAOVG EMLTPOTNG, TOV kKaBnyntr] tov mavenmiotnpiov Hatpov Endpo Zovta®
KoL TNV avamAnpodTpla kadnyritpia tov Ioviov mavemiotnpiov kat tpodedpo tov tpnpatog IIAnpopopikrig
Katio-Anda Keppavidov?. EninpocBétag onpavTiky cuvelspopd eixoy Ko To UTOAOLTTX PHEAT) TNG ETTTO-
peAolg eMLTPOTNG, KUPLWG 1) TPONV ovaTAnpoTpLa KabnynTpla Tov avemotnpiov Zayed kat vov dia-
kexpévo pédog tov Technology Innovation Institute (TII)?” ot HAE EAedvva Kogpélo®® pe tnv omoia
ouvdlopyovooope kot dvo workshop?® *° pe oxetikn Oepatoroyio ko o kabnyntrg tov Anpokpiteiov ma-
vemotnpiov g Opdxng Adlapog HAGSNG. EmutAéov Ba nfeda va evyapiotiow tov kabnyntr tov
novemotnpiov tng Ovtpéxtng Iavvn Beheypdaxn®® kabmg emiong kot tov kabnynt Tov KTH Apioteidn
Tkidvn®® yia ta emolkodopntiké Toug oxoAt. Extdg entopeAovg emitportrg opavTikr ftav ko n forjBeto
aKaSNUAIK®OV 61wg Tov Tov eidov Apn HAlo*, dmwg kal pe TIG TPOCOHOLWOELS OTNV SUTAWHATIKY HOL
epyacio xpovia mpLv. Zexwplotr] pveio ofilel otov kabnyntr tov mavemotnpiov Hatpodv Evetpdrio
TaAAoTovA0™ Kot puotkd dev Bo prropovoa e’ 0vdevi va Tapadeifo cuykivnon WLaiTEPT EYKOULAOTLKT,
Beppr), KoL TIUNTIKT AVOQOp& GTOV avatAnpeTh kabnyntr tov tavemiotnpiov Hatpdv Xprioto Makpn?*.

H Satpifny awt mbavotnta va eiyxe modd SiopopeTikn Hop@r) Ko apkeTd Tpwtd onpeio ywpig tnv
oUPPOAT] OpLopéveV aTOpWY T oTtola BEA® va evyaploTiow Kkat ed6. Apyikd Ba 0ela va oteilw mepn-
Qovo xalpeTlopd yix tnv tetdptn lovAiov otov theodork® *® *° *° xou va mpooBécw no taxation without
representation®', va voPdAAw Tar G€PN pov ko va kAivew evAaPicd To yovu otov mavBurepoéPfacto kal
TOPPLPOYEVVITO cLvexoTr Twv 4B tsiliman®®, va evyapiotiow Tovg sanidas (katd prjkog tng dtyotopov),

**https://ai-nnohub.uniwa.gr/ereynites/mylonas-foivos/
“https://www.ceid.upatras.gr/webpages/faculty/sioutas
*https://di.ionio.gr/gr/department/staff/92-kermanidis/
“https://www.tii.ae

**https://orcid.org/0000-0001-9565-2375
*https://dl.acm.org/doi/abs/10.1145/3459637.3482039
*https://dl.acm.org/doi/abs/10.1145/3511808.3557937
*'https://civil.duth.gr/cv/iliadis

**https://www.uu.nl/staff/IVelegrakis
*https://www.kth.se/profile/argioni
**https://www.ceid.upatras.gr/personnel/ilias-aristeidis/
>https://www.ceid.upatras.gr/personnel/gallopoylos-eystratios
*https://www.ceid.upatras.gr/personnel/makris-christos

Emerta ad oo xpdvia xpnoiponowd iéov ta login oto diogenis. If you know you know.
**https://www.imdb.com/title/tt0057012
*https://www.imdb.com/title/tt0062622
“https://www.imdb.com/title/tt0066921
“https://en.wikipedia.org/wiki/No_taxation_without_representation
“https://www.imdb.com/title/tt0104257
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tsiaras, emmanuil®®, kou krommudi yiat Tig atéppoveg cvlntrioeig oto (tokatd tAéov) Néov ko oto (emiong
moaLd) vitdyelo kvAkeio Tou ceid avapeoca oe diadé€elg ko epyaotripla, vo evxapiotiow tov Ildvo
TOV apepLkdvo yiox Tig dnpootedoelg Tig omoieg Ypdope kot Toug ahyopibpouvg Tovg omoiovg oxedidoape
TNV YAPKQ, TOV ZOTHPT TOV GATUPO YL TIG TEXVOAOYLKES KOl PLAOGOPLKEG GLLNTHOELS KOOMG KoL Yot
TIG KWVNHaToYpopLikég TpofBorég, Tov Ntivo Tov vtar] yio TG cL{NTHoELS Tepl TPOYPAPPATIOHOD KOl PL-
Aocoging oxediaopot yYAwcodv, tov Niko tnv pastopnyovy yio Tig ateleiwteg ovlntroelg mept mpo-
YPOPROTLONOD KaBOG KaL Yio TO GYXOALO TOU Yl TOV TPKOTO pov koddika Python peyddouv peyéBovg*, tov
DN Tov voxBOVLO Yo TIg atehedTnTEG AvallnTioELG 6TO eSO TNG HABNONG PNXOVIG, TNG KOLVWVLKTG
TOPATHPNONG, TNG AeAOYlopéVNg TTPGEng, Kka OxL povo, kabadg kot tov MixdAn kot v Bikv yo tnv
avepubpiacta pnEikéevdn abstreopihocopio®® Toug n ool Stamepva To oTLYHLLO Kot TevileL TO GeLlpo
KoOLoTOVTAG TO GTOHO aévoo KOWwVO Ko puotaywyd tng vyniig téyxvng. Emiong (kou) artd £de va
nw otov dempelis mwg eiye OpvAikr mapovoio otovg otabpods epynciog oto LIOAOYLOTIKO KEVTPO**
Kot QUOLKGE Vo Sdow TOAAEG euYOpLOTiEG 0TOV marounta 0 0TOL0G G€ KPIOYEG OTLYHES TAVTA €lXE Lo
KaAUTepn mpodtaot). Ppéokeg déeg elyov o Oavaong kol 1 Zévia. Ao tnv evotnta avth dev Bo prtopotdoav
va aovodlovv 1) Acracia, 1) MeAiva, n Tamara, n Aovucia, n Avactacia, n Tatiéva, n Kheordrpa, 1
Caldera amd to maywpévo Tromse yix Tig ovlntroelg yio tov Harari, To moTe ko mwg yivetal 6ot
€€0d0¢, Tt elvor Tor Yapror, kot yrorti 1) éto dev eivor amhd évar Aevkd Tupl, Tar atelelwTo AEUKA EvEpyELOK
TOTA, KAl Yl TNV Atoveio evévtio otov @ofo*, 1) IovAia, n Lisa ko 1 atéxebeld tng yroo tnv eAAnviky
nitoa, n Franziska kau o peydheg culnrroelg yia tig touvieg kot tov Leonard Cohen, 1) Isabelle oo tig
6x0ec tng Bodensee, to pikpd Caprice, n Lexi, n Ember, kow 1 Aelita pe 1o eAAnvikng épmvevong Ovopa
kot ot ovlntrioelg yia tov Chomsky*® ¥, Eexwpiotn pveia a&ilel otnv kabnynTpla Tov Tavemiotnpiov
g APdavog Claudia Carricarte Naranjo ywx tig ovlnrroelg mepi tng vevpoProroyikng eEaptnong tov
EYKEQPAAOL oTtO TNV KapOLY KAl TWG AUTO ITOTLTTOVETAL HE TEXVLKEG VELpootelkOVioTG. No BupdpaocTe va
eipoote EKA®. Télog, Wwaitepeg evyaplotieg otov Priya ko ota oévtouttg ta omoio kavet. Ao tupl,
HITELKOV, KoL PLYovTO Yoo vo téel kohd 1) pépa. Ki émerta éva Sedtepo yior va méel akOpo kaAvTepa.

Ev xataxAeidi, 0o n0eda va aplepdow v mapovoa StatpiPri oe epéva.
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Chapter 2

Executive Summary

The computer was born to solve
problems that did not exist before
Bill Gates (1955 -)

2.1 Summary

RAPHS constitute the primary algorithmic vehicle for representing relationships of various types among
G entities and the complex interaction between them. Said entities are frequently drawn from an un-
derlying domain having different kinds of properties and semantics. Said relationships need not necessary
be unique regarding their endpoints, but in such a case additional information is required in order to dis-
tinguish multiple edges connecing the same vertices in order to avoid ambiguity during ML as well as
severe ontological errors. Graph machine learning (GML) is the field where computational combinatorics,
algorithmic engineering, tensor algebra, geometry, neural networks, and ML intersect. Mining non-trivial
knowledge relies heavily on graph properties such as the degree distribution, the primary eigenvector, the
fundamental circuits, the adjacency matrix and the various factorizations thereof like the spectral and the
polar factorizations, and patterns such as bridges and articulations. Furthermore, large scale graphs in the
real world tend to exhibit properties such as recursive or modular community structure, self similarity,
which allows scaling through natural and simple algorithmic mechanisms and has connections to fractals,

XXX1
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power laws in the degree distribution, and a multitude of connectivity patterns. Figure 1.4 is an emphasis of
the self similarity of large graphs. The aforementioned properties are critical in designing advanced graph
mining algorithms as efficient parallel miners, structurally aware smart agents which can freely circulate
in graphs, and reliable termination conditions for iterative processed can be developed.

Given that the volume of real life graphs can reach Internet scale in terms of the size of vertices and
edges, it follows immediately that appropriate digital infrastructure for storage and infrastructure should be
developed. The advent of NoSQL databases at the beginning of the current decade was a major milestone as
it marked in the database universe a shift from the relational paradigm, which has been designed for tabular
data, to other ones. Already NoSQL databases such as Neo4j have been a mainstay for a broad spectrum
of applications such as social network analysis, large omics analysis, ontological mining, geospatial and
geolocation applications, as well as enterprise realm configuration analysis. In such databases graphs
can be loaded as JSON or BSON documents, RDF triplets, or JSON-LD files to name just a few formats.
Although graph models have their own distinct advantages for representing link oriented data, other data
types like tabular structured and documents are also common and, thus, efficient transformation algorithms
are necessary. Moreover, any reasonably correctly designed graph model should capture and expose the
complexity of any specific graph object in the database as well as that of the underlying domain.

Humanistic data not only are important by definition, but also are gradually becoming the prevalent
data category in contemporary knowledge-based civilizations. They have a plethora of important prop-
erties including a potentially enormous size, increasingly quicker generation rates, and maybe corrupted
or incomplete entries. Despite these challenges mining these data is bound to provide crucial knowledge
across numerous aspects of everyday life smart cities, digital health, and electronic financial transactions.
Thus, algorithms handling humanistic LOD should take these properties into consideration and, wherever
possible, turn them to their advantage. To this end DL is critical as will be explained later on.

This work begins with chapter 1, the general introduction of this dissertation, where the basic properties
of humanistic data and these of large graphs are briefly overviewed. The formal description of humanistic
data used here is given in definition 1.1 and their nature is specified. Moreover, definition 1.3 outlines dig-
ital awareness, whereas the research goals are given in objective statement 1.1. Digital awareness depends
heavily on the timely extraction of critical knowledge from humanistic data in general and LOD in par-
ticular and aims at providing a deeper insight into the current situation to multiple stakeholders, ranging
from on the spot operators to investors, of operations involving humanistic data like Industry 4.0.

In chapter 3 the architrecture of tensor stack network (TSNs) is introduced and two applications thereof
are given. TSNs rely on clustering multiple feedforward neural networks FFNNs in their layers and cross-
training them in parallel in such a manner that FFNNs packed in the same layer learn during distinct and
dedicated phases of the training process not only from the backpropagated errors of their own neurons,
but also from those of the FFNNs in the same cluster. The first TSN application is the assessment of the
structural resilience of large graphs, which is defined as the ability to keep its connectivity when a fraction
of its edges is permanently lost. This is a stricter constraint than these imposed on temporal graphs as
in the latter edges are only temporary deleted. Resilience is a major operational requirement of current
systems working on LOD including telecommunication systems, especially mobile and wireless ones. Two
TSN architectures each with two synaptic weight initialization strategies for a four combinations in total
are trained with numerous synthetic Kronecker graphs containing a multitude of structural patterns for
resilience classification. The reason behind selecting TSN is that they can capture the inherently higher
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order patterns in graphs. The results indicate a high correlation with the Estrada index, the odd Estrada
index, and the clustering coefficient. The second application of TSN is estimating the topological correla-
tion coefficient between any two graphs based on their adjacency matrices when the latter are compressed
with the two-dimensional discrete cosine transform (DCT2). This is tantamount to enriching the informa-
tion latent in the compressed graphs with knowledge from the structural patterns of similar graphs. The
results obtained from three benchmark graph sequences are encouraging as the mean square error (MSE)
was low and so was the complexity once the TSNs were trained. A variety of nonlinear activation function
was tested with the logistic function systematically outperforming every other one, probably because of its
monotonicity, simple form, and bounded derivative. An additional advantage of the proposed methodology
is that it is generic enough and does not depend on the particular semantics of the underlying domain.

Chapter 4 describes a self organizing map (SOM), which was a rarity among neural network architec-
tures when it was proposed as it is designed for unsupervised learning tasks, for fMRI image clustering.
Images were taken from an open source neuroimaging dataset. The novelty of the prosposed SOM is that
it operates with a tensor distance metric specifcally and explicitly tailored for evaluating image similarity.
SOM:s, alternatively called cognitive maps, have a unique iterative training process which relies heavily on
adaptively moving connections between two spaces of vastly different dimensions in such a way that the
major topological properties of the higher dimension space are up to an extent presed in the lower dimen-
sion space. Crucial to the formulation of clusters in the lower dimension space is a modified Hebbian rule
which locally diffuses a fraction of the reward the SOM gains during an iteration. The way SOMs operate
eliminates the need for elaborate optimization schemes as only a large number of pairwise distances needs
to be computed, possibly in parallel when the underlying computational infrastructure allows so. Another
advantage of SOMs is that the resulting clustering is segmentwise smooth and this local continuity allows
easy visualization. This chapter focuses on a tensor distance metric for the input vector space which adds
flexibility in two ways. First, clustering can be extended to higher order data such as images, graphs, ma-
trices, and time series. Second, the resulting clusters are unions of arbitrary shapes instead of fixed ones
such as rectangles in case of ¢, norm or circles in case of £ norm. The figures of merit were the topological
error and the decay rate of the average location difference of the centroid clusters. Specifically, a power
law and a cutoff power law were fitted to the latter and the exponent was used as the decay measure.

The focus of the chapter 5 is finding affective communities in Twitter graphs with graph neural networks
(GNNis). The latter is an emerging class of connectionist models taking full advantage of the knowledge
they progressively and iteratively extract from the interaction patterns between entities coming from an
underlying domain. Depending on their working configuration GNNs aggregate local state information
in the form of ground truth vectors to obtain robust estimates of global properties. As the knowledge
contained in graphs is inherently and strongly of higher order nature, GNNs are very well capable of
efficiently carrying out dimensionality reduction tasks provided that the apropriate aggregator is selected.
One such task is disovering vertex sentiment polarity in the form of labels based on a representation
combining structural, functional, and affective aspects. The performance of the proposed GNN has been
assessed through two benchmark graphs extracted from political Twitter with a topic sampling strategy.
The two topics of interest were the celebrations of the Greek 1821 Independence Revolution and the US
2020 Presidential Elections. Affective community structure was easier to find in the former graph as most
accounts were tweeting about benign topics with a positve stance. Oh the other hand, the latter graph was
echoing the polarized political climate of the time with numerous inflammatory comments, heated retorts,
and considerable irony. These findings were also carried out to a GNN model where the edges between
two vertices, representing the communication between them, also have attributes influencing training.
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Chapter 6 concludes this dissertation by presenting the conclusions with respect to expressive power,
computational complexity, space complexity, and digital awareness. Additionally, the research papers by
the author are overviewed based on the year they were published and their primary field.

Finally, section A’ is the appendix where the main world events which took place while the author was
working towards the PhD are listed.

2.2 Keywords

Tensor algebra, multilinear algebra, higher order data, knowledge mining, tensor stack networks, self
organizing maps, graph neural networks, dimensionality reduction, affective community discovery, topo-
logical properties, topology, graph geometry, graph connectivity, graph resilience, iterative learning, train-
ing process, clustering, classification, unsupervised learning, humanistic data, link oriented data.
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Chapter 3

Tensor stack networks

Your brain does not manufacture thoughts.
Your thoughts shape neural networks.
Deepak Chopra (1946 -)

3.1 Chapter introduction

SINCE their original inception in the form of perceptron in 1957 the broad class of neural network ar-

chitectures constitute an integral part of both machine learning (ML) and deep learning (DL). Various
members of this class, each with its own unique properties and advantages, have been proposed for ef-
ficiently performing massive, distributed, parallel, and highly non-linear processing and they have been
successfully applied to problems previously thought to be intractable or without an elegant solution. The
long list of these problems includes indicatively the following, but it is very far from being exhaustive:

& The exclusive or (XOR) separation problem. This is one of the most well-known problem where the
two classes have non-linear separation bounds. Historically, it was one of the first problems where
neural networks were applied to and demonstrated unequivocally their power.

& Adaptive signal processing. It is an important field in signal processing where the system or signal
under study changes or evolves over time. Typically the former has stochastic origins, whether the
latter can be driven by deterministic or stochastic mechanisms with trajectories in state spaces.

3
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& Non-linear and noisy telecommunication channel equalization. It is an important problem especially
in contemporary mobile networks and satellite connections where interference is stochastic and
possibly strongly non-linear, while a large number of entities may well be involved.

& Time series prediction and smoothing. The former consists of efficiently estimating future values of
an evolving time series, whereas in the latter the entire signal is known and outliers are processed
according to certain regularity and continuity criteria to ensure better compression potential.

& Time series interpolation. Filling missing or corrupted values in time series is rapidly re-emerging
as their size increases while tabular models gradually give way to graph, long column, and more
recently vector models in order to find patterns in LOD and optimize operations.

& Large database clustering. Scalability has always been a major issue in databases and much effort in
their design, particularly in data representation and its associated operations, has been diverted to
handle data segments which fit only in secondary memory and transfers play a critical role.

& C(lassification. Annotated datasets are crucial for this task and they are harder to be created and cu-
rated as data sources generate at a quicker rate more unstructured and semi-structured data. Neural
network architectures can efficiently handle big and complex datasets and can tie in with streams.

& Pattern recognition. One of the mainstays of ML and DL efficiently locating patterns which may be
slightly altered or, in the graph case, not perfectly aligned. Efficient parallelism is required in most
cases, and graph matching and searching algorithms frequently offer massive parallelism.

Despite the deceptive simplicity of the conceptual and functional description of most neural network
architectures, the computational power of many of these architectures combined with the proper config-
uration and attribute engineering is considerable. This can be attributed to various factors, each of which
contributes in its own way to the overall learning process, including non-linearity in both connectivity
patterns as well as in processing, scalability, potential feedback and feedforward loops adding memory
and recurrent information flow, neuron specialization, and decentralization. Examples of neural networks
include the multilayer perceptron (MLP) [ATAA24], recurrent neural networks (RNNs) [QYZ24], convo-
lutional neural networks (CNNs) [JT24], and self organizing maps (SOMs). The latter will be the focus of
chapter 4 in conjunction with tensor distance metrics coupled with suitable weight schemes.

Tensor stack networks (TSNs) have been originally proposed for voice prediction over very long Markov
chains [LCL*24] as well as for information retrieval (IR) scenarios [WPPQA24]. Structurally TSNs consist
of layers which contain neuron tensors with information flowing serially from the input layer to the out-
put. In the TSN architectures examined here output feedback from subsequent layers does not exist and
results from each layer are linearly propagated. Within each layer processing is synchronized. The twofold
algorithmic cornerstone forming the heart of the power of TSN is the following [HHZ*23]:

& TSNs have the ability to natively handle multidimensional data such as images and graphs. This
is crucial since implementation is simplified, results are more interpretable, and information loss
is prevented in sharp contrast to traditional DL methods where vectorizing multidimensional data
results in ignoring data point proximity or topological information. The latter is paramount in a
number of fields and preserving it significantly increases the efficiency of schemes like TSNs.

& In TSNs processing neurons within a specific tensor processing layer are designed to learn not only
from their own computational errors but also from the weighted ones of the peer neurons belonging
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to the same processing layer. This in most cases leads naturally to smoother correction factors added
to the synaptic weights of TSN neurons akin to the way the batch least mean squares (LMS) algorithm
approximates the stochastic descent in order to train an adaptive system.

In this work the inner TSN mechanisms as well as the potential of this architecture in terms of config-
urability and expressive power are explored in the context of two fundamental graph mining problems,
namely that of evaluating the structural resiliency of a graph based on a plethora of low order connectiv-
ity patterns and that of recovering compressed graphs with the two-dimensional discrete cosine transform
(DCT2) using information from similar one in a graph sequence. Both have applications across a wide array
of fields including SNA, omics and brain connectivity networks, long suppply chains and logistics, com-
puter communication networks, and transportation scenarios. Observe that higher order patterns deriving
directly from the multitude of relationships inherent in humanistic data play a major role. Additionally, in
the above fields graphs are appropriate models succinctly summarizing the dynamics thereof.

The two applications of TSNs, one peraining to graph mining shown in section 3.4 and one to SNA
shown in section 3.5, are described in the research objective statement 3.1 as follows. Both rely heavily
on the scaling properties of TSNs and their native ability to handle two-dimensional data. The topological
patterns and the activation functions have been tailored to the underlying field as well as to the particular
task at hand. Despite their size and need for sparse algorithms, tensors offer advantages which cannot be
obtained by conventional neural network architectures which vectorize input data. This results in the loss
of spatial knowledge which indirectly codifies patterns not found in the numerical values of the input.

Objective 3.1 (Chapter research objectives) The research contribution of this chapter is twofold:

& A TSN specifically designed to assess the structural resilience of a graph based on a set of fundamental
connectivity patterns. The evaluation capabilities of this TSN are a function of the information available
about the graph under study in terms of said set as well as on its architecture.

& A second TSN tailored for decompressing Twitter graphs which have been compressed with DCT2 relying
on the compressed graph in the form of DCT2 coefficients of the original adjacency matrix as well as on
structural information from similar graphs.

Two important common points in the above TSN architectures are that they operate strictly on the graph
structure, so graph functionality is excluded in this chapter in sharp contrast to chapter 5, and that they can
incorporate external information related to the graphs under study.

The remainder of this chapter reflects its duality and it is structured as follows. In section 3.2 the recent
scientific bibliography regarding tensors, TSNs, tensor signal processing, and graph resilience is briefly
reviewed. For a literature review of SNA please see section 5.2. Preliminary material including tensor basic
operations and least squares fit of power laws are presented in section 3.3. The TSN developed specifically
to evalute structural graph resiliency is described in section 3.4. Moreover, the TSN designed to recover
compressed graph sequences based on the DCT2 coefficients of the graph adjacency matrix is explained in
section 3.5. Finally, for the general conclusions of this dissertation please see chapter 6.

3.2 Previous work

Tensors [BGL15; BPT15] are direct generalizations of vectors and matrices found in linear algebra in
more than two dimensions [Kol09; PF15], with dimensions of three [CQW23] and four [WYL*23; SZT*23]
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being very common choices for a broad spectrum of applications [PPF14; WHH*23]. They have been
used to detect rotation [YZL*24], to implement human activity models [CL23]. Tensor dimensions, also
known as modes [BJT24; FYL*24] or infrequently as fibers [SS08] are central in modelling higher order
data [W*18]. Tensor operations include a variety of norms, such as the Frobenius norm [LWS*23], which
can be used for tensor completion [TYLJ24]. Other major tensor operations are contractions [SNAC16],
especially for sparse tensors [XYC*24; KS24], and transforms such as Kruskal factorization [WOV23; BC24]
and Tucker decomposition [LLWA24; PLH*24; CCHN24] which are are generalizations of the singular value
decomposition (SVD) to higher dimensions [HSZ23]. TensorFlow* [Pat23], covered in more detail in section
6.4.7, is a popular tensor package with a Python API [Abal6b; Abal6a]. Among others it has been used
for data visualization [Won18], Gaussian processes [Mat17], and for the implementation of CNNs [RS]23].
Software vulnerabilities in applications built on TensorFlow are examined in [FD23]. Python package
numpy® has limited tensor handling capabilities as well as some built-in methods [HT24]. Julia® is a Java
virtual machine (JVM)-based language specifically designed for data intensive applications [Chu23; MO23].
As such, Julia has packages for tensor handling such as the ones described in [Pat24; FM24].

TSNs have been originally applied to speech recognition [DHY12; DY11; Den13], IR [DHG13], and prob-
lems with large instances [HDY13] and considerable attribute variability [Den14]. TSNs consist of clusters
of feedforward neural networks (FFNNs) where each network in the cluster receives a synaptic weight
update based not only on its own local error gradient but also on that of other networks in the cluster
[HDY12]. Also, stacking can avoid overfitting in neural network training [GB13]. Alternatively or in con-
junction with stacking Tikhonov regularization [GHO99] can be used during the training process which
tantamounts to learning in the presence of noise [Bis95]. Given the potentially huge number of synaptic
weights and inputs, numerical issues should be considered and appropriately countered [Pri91]. As their
name suggests, tensors are their basic building blocks [BFZM18] and can naturally represent their learning
layers [LCL*24]. Engineering scenarios for TSNs include face recognition [HHY*17], image classification
based on sparse stacked representations [LCY15], blind sound classification [KGN*19], speech recognition
with very long vocabularies [YDS13], and gesture interpretation [BGM23]. For a TSN toolkit see [PH15].

Tensor signal processing (TeSP) covers a broad spectrum of topics such as tensor spectral clustering
[BGL15], efficient matrix classification [Sch15], feature extraction [BPT15], compressed sensing [PWD13],
and clustering through higher order data tensor decomposition [LB15]. Applications include face recog-
nition [OHCB24], anomaly detection [PPF14], network monitoring [KSM15], and object classification
through multilinear discriminant analysis (MLDA) [ZWSS15] or tensor discriminant analysis (TDA). Ded-
icated tensor processing units (TPUs) [PAEHC*24] have been proposed and implemented for tasks such as
matrix multiplication [GBH*23]. Hypergraph signal processing based on ¢-product tensor decompositions
is the focus of [PPLA23]. Architectures for TeSP are explored in [Den14]. Popular DL software is MLIib
for the Spark ecosystem [Men16], keras* [GP17], Theano’® [Beall], Torch7° [CKF11], TensorLab’ [VDDL16],
Caffe® [Jia14], and MatConvNet® [VL15]. As the field evolves, more tools are developed, each with more

‘https://www.tensorflow.org
*https://numpy.org

*https://julialang.org

*https://keras.io
*https://github.com/pymc-devs/pytensor
°http://torch.ch
"https://www.tensorlab.net
*https://caffe.berkeleyvision.org
*https://www.vlfeat.org/matconvnet
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sophisticated capabilities progressively.

Other neural network architectures are spiking neural networks [GSK24]. This class of neural networks
simulates the physical activity of the neurons comprising the human brain [RMC*24], which operate on
firing patterns which are correlated to external stimuli or to motor, visual, sensory, or structural knowl-
edge about the outer world [HEW24]. Other recent popular architectures include RNNs [QYZ24] which
have memory in the form of connections [DWA*24] between different neuron layers also with adjustable
weights [XGS*24]. The primary characteristic is that connections in RNNs form temporal sequences which
also serve an mineable patterns [DJP*24]. Applications include affective document classification [NPN*24],
human activity recognition [CWYH24], and geometric matrix completion [MBB17]. CNNs [ZWZ*24] rely
heavily on local weighted and delayed feedback [YHY*24] as well as on local convolution functions allow-
ing thus processing neurons to specialize on different parts of the input data [YSA24]. Thus meaningful
input space segmentations can be achieved [LL24]. Predicting the physical trajectory of social agents,
whether humans or autonomous vehicles, based on local smoothness constraints [MQEC20], quantum
optics [GPZZ24], and sound classification based on attributes extracted by signal processing techniques
[KGN*19] are three applications. However, CNNs are quite popular in computer vision [KAW*24] and
image processing [XLY*24]. Lastly, SOMs are covered in detail in chapter 4.

Graph resilience has been the focus of [IW11] as well as of [NG90] among many others. Analytic re-
silience metrics are proposed in [LCWO05] for networks of evolving topology and in [VMO03] for graphs
with degree correlations. A comparative study of resilience metrics are [AS15] and [PYHH21]. Simi-
lar algorithmic schemes to the one presented in this chapter employ an LSTM for assessing graph re-
silience [TSYZ19]. Resiliency considerations for evolving graphs are given in [MG20]. An overview of
resilience design strategies is given in [FYK*22]. Centrality as resilience is examined in [WMK*21]. Ap-
plications cover a wide array of technological and financial sectors such as long supply chains [TZC19],
transportation networks [WX20; SAZ*20], brain networks [BS13], social media [BBM20], IoT [CFKS20],
electric power grids [YCZY21; LCCJ20; BPWV20], and manufacturing [Kus20].

3.3 Introductory material

3.3.1 Overview

The material presented in this section applies to the three technical chapters of this dissertation, namely
chapters 3, 4, and 5. Specifically, tensors constitute a fundamental part of TSN presented in this chapter as
well as of the distance metric proposed in chapter 4. Power laws are critical for the analysis of the results
of chapters 3 and 5. The connecting tissue so to speak of this work is explained in this section.

3.3.2 Tensors

Tensors, as given in definition 3.1, play an instrumental role in higher order knowledge mining in general
as well as mining LOD in particular. If S, ..., S, are p not necessarily distinct vector spaces of dimensions
Iy, ..., I, respectively, then T belongs to their Cartesian product. Intuitively speaking initially, a tensor T
of the p-th order —or simply of order p- is a higher order vector indexed by p integers. In this dissertation
the focus will be on real tensors, but depending on the underlying application this may differ.
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Definition 3.1 (Tensor) A p-th order tensor is a linear mapping coupling the p vector spaces Sy,...,S,
which may not be necessarily distinct simultaneously. A real tensor belongs to Rl *2%--xIp

From a probability theory perspective, tensors can be divided into the following categories depending
on the nature of their elements. Please note that this taxonomy is far from being unique given the size and
structural complexity of tensors as well as the wide range of their applications.

& Deterministic. The tensor entries are numerical values and do not vary over time.

& Individually stochastic where element are stochastically independent. In this case, each element has
its own probabilistic properties and they may or may not be identically distributed.

& Jointly stochastic where elements have dependencies. The latter can include every element. Alter-
natively, elements are partitioned based on their mutual dependencies creating communities.

Additionally, another tensor categorization is the following. This is different from the preceding one and
in fact both taxonomies can be combined. Thus, a deterministic tensor can have evolution mechanisms.

& Static. Once they are created, these tensors do not change.

& Evolving. They are generated by a mechanism and their elements change in various rates.

Observe that from definition 3.1 it follows directly that the size of a tensor increases multiplicatively as
more dimensions are added. This leads to the elements of a tensor quickly reaching a number which is
not directly manageable by in most if not all engineering scenarios involving big data. In turn this is a
considerable constraint among others in computing the result of equation (3.2) of definition (3.2). At this
point equation (3.1) needs to be introduced first for conceptual clarity and notational simplicity.

» |1, predicate P is true
Q[r] = . . (3.1)
0, predicate P is false

With the indicator function of equation (3.1) defined, which connects the domain of logic and proposal
evaluation to the numeric domain, a critical tensor metric can now be given. The tensor sparsity of defini-
tion 3.2 is the number of non-zero elements of a tensor to the product of its dimensions. For deterministic
tensors it is a measure of the number of potentially interesting elements, whereas for stochastic tensors it
is a realization approximation based on ergodicity assumptions of an element being non-zero.

cps . . I .
Definition 3.2 (Tensor sparsity) The sparsity of a tensor T € Slf X Séz X...xS) denoted by py is defined
as the fraction of the number of zero entries to the total number of elements as shown in (3.2).

i S O[T [inip] = 0]
Hi:l I

A

po =

(3.2)
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However intuitive it is, equation (3.2) is prone to numerical errors due to finite numerical precision,
roundoff errors, catastrophic cancellation, and limitations in the implementation of floating point opera-
tions. These are aggravated by the potentially big number of variables involved. This dictates the need for
a robust tensor sparsity definition. One such well-known option is definition 3.3.

Definition 3.3 (Effective tensor sparsity) The effective sparsity p(zg) with respect to a strictly positive

I
threshold 7y of a tensor T € S{l X S;z X ... xSy is the fraction of the total number of tensor elements whose
absolute value with respect to an appropriately defined metric in the respective vector space equals or is below
7o to the total number of tensor elements as shown in equation (3.3) below.

S S QT [ ]| < w]
Hi:l I

po(to) = , 10>0 (33)

For stochastic tensors an alternative to effective sparsity is the Chebyshev inequality of equation (3.4)
which leads to power law bounds and it is a second order inequality. Assuming that every element of the
tensor T is stochastically independent and identially distributed with mean iy and variance oy, then an
upper bound for the probability of a tensor element exceending a threshold is the following.

1

= (3.4)

prob {|T [il, . ..,ip] - p0| > kO'o} <
However, the aforementioned power law bound may be insufficient or very loose. The latter may especially
be true if the distribution has such a shape which can yield sharper bounds. An important such case is the
Gaussian distribution which yields exponential bounds through the standard error function.

For deterministic tensors various heurustic scehems also exist. For instance, the numerator of equation
3.3 can be aproximated by efficient set cardinality estimators. Alternatively, stochastic approximations
exist relying on large sum heuristics, random walks, or the strong or weak law of large numbers.

Similarly to the vector and matrix norms in linear algebra there exist tensor norms. One of the most
common ones is the Frobenius norm of definition 3.4 which has a number of useful properties.

.. . . I
Definition 3.4 (Frobenius norm) The Frobenius norm of a p-th order tensor T € Slf X Sg" X...XS8y
denoted by ||'T||r is defined as the square root of the sum of its squared elements where the absolute value is
defined suitably over the appropriate vector space as shown in equation (3.5).

2

I I
Tl 2| D> DT [ ] (3.5)
i1=1

ip=1

As with tensor sparsity before, the computation of the Frobenius norm following definition (3.5) requires
linear time with respect to the total number of elements of the tensor. Again efficient heuristics exist for
deriving tensor norms, primarily based on the Hager method for deterministic norms or on chi square
schemes for stochastic tensors, the delta rule, or sums of Rice or Rayleigh distributions.
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The tensor Frobenius norm has the following properties. Some of the most important ones are:

& [t is everywhere eifferentiable. This allows for the design of iterative schemes along the direcion of
the steepest descent algorithm. Also it allows the derivation of upper bounds for estimator errors.

& It is absolutely scalable in the sense that ||aT||z = |«|||T||p where « is a scalar. This indicates that
critical tensor properties do not change with scaling. This adds robustness to the tensor definition.

& It is subadditive in the sense that for two tensors || T1 + T2l < ||T1llp + ||T2||p- This allows the
estimation of large tensor norms quickly through the addition of random perturbations.

& When ||T||r is zero, then the tensor is zero and vice versa. This paves the way among others for
termination criteria of iterative algorithms in conjunction with the differentiation property.

Along a similar line of reasoning the root mean square norm p,,s of a tensor can be defined. It is formally
given in definition 3.5. This quantity has been inspired by the root mean velocity of molecules in a gas
and it represents the average energy of a tensor element, which for humanistic applications is frequently a
useful activity indicator such as the amount of hashtags or tweets in a given Twitter (not X) graph. Similar
definitions can be made for each individual tensor dimension or even for a tensor block.

Definition 3.5 (Tensor root mean square norm) The root mean square energy of a p-th order tensor'T €

I . . .
S? X ...x Sy is defined as the square root of the sum of the sqquared magnitude of its elements to the total
number of its elements as shown in eqation (3.6) for a suitably defined absolute value metric.

DTN s vl P A |
prmsé nl » 1| [1 P]l = ”T”F (3.6)

P
Hk:l I 1[1—[§:1 I

The tensor addition is the most basic operation involving any two tensors which must have identical
dimensions as it is shown in definition 3.6. This allows among others the creation of tensor spans on an
algorithmic level and the merging of information in TSNs on a data processing one.

Definition 3.6 (Tensor addition) The tensor addition of two tensors T1 and Ty both necessarily having the
same order and the same dimensions is defined elementwise as in equation (3.7) below.

(T1+T2) [i1,..ip] =Ty [is. .o ip] +To [i1, ..o ip] (3.7)

The next operation is the tensor multiplication along the k-th dimension Xj. Unlike the tensor addition
the two operands need only be compatible in the k-th dimension and may very well be quite different in
the remaining ones. Also, both tensors can very well have different orders. Definition 3.7 follows.

Definition 3.7 (Tensor multiplication) The tensor multiplication of two tensors possibly having different
orders p and p’ and coupling different spaces but having the same number of elements along the k-th dimension
is elementwise defined as in equation (3.8). The resuly may be of different order than that of both operands.

I
(T xx T3) 11,...,lk_1,1k+1,...,lp,li,...,l%71,12+1,...,l;,] = E T, [11,...,IP]T2 [11,...,1;,,] (3.8)
ir=1
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Finally, the Kronecker tensor product for two tensors can be defined. In this work the Kronecker product
for a pair or matrices A € R?*? and B € R**? as shown in definition 3.9 will be used.

Definition 3.8 (Kronecker tensor product) The Kronecker tensor product for any two matrices A and B
of not necessarily the same dimensions is defined as in equation (3.9) below.

A[L,L1]B A[L2]B ... A[lq]B
A[21]B A[22]B ... A[24]B

A ®B= : : . : € RP¥XqY (3.9)
A[p.11B A[p2]B ... Alpq|B

Since a matrix is a tensor of order two, the defintion 3.8 can be directly generalized to tensors of higher
order as well as to tensors of different orders. Observe that the dimensions of the resulting matrix have
increased multiplicatively with respect to the dimensions of the original matrices.

Definition 3.9 will be used in chapters 3 and 4 to efficiently reshape tensors.

Definition 3.9 (Tensor vector operator) The tensor vector operator vec (-) maps a p-th order tensor T €
I
S? X ... X S; to a vector v by stacking from top to bottom and from left to right the elements of T.

3.3.3 Least squares power law fit

Power laws appear in many places in large graphs of an important class named scale free graphs. Such
laws, in its simplest form a monomial or a variation thereof, take different forms as seen in table 3.1 de-
pending on the underlying field and consequently have different properties. In the case of scale free graphs
power laws appear in the degree distribution, the number of triangles distribution, and the primary eigen-
vector components. The positive exponent y plays a central role, similar to the Lyapunov exponent: When
the exponent is above three, then the deterministic mean and variance of the power law are finite. When
the exponent lies between two and three, then only the mean is finite. Otherwise both are infinite.

Table 3.1: Power laws.

Name Form Linearized

Power law fi = apk™Y° = agexp (—yoInk) Infy = lnay—yolnk

Cutoff power law fv = agk=v0e~*Po = gy exp (—yo Ink — k/Bo) Infy = Inag—yolnk —k/fo
Squared power law  fi = agexp (—yo In® k) Inf, = lnay+yoIn’k
Shifted power law  fi = agexp (—yo In? k - fo) Infi = Inag—fo+yoIn’k
Delta power law fi = apexp (—yo In'+d k) Infy = Inag+yo In'*% k

A probabilistic model related to power laws is the DGX shown in (3.10). Notice its similarity to the
Gaussan kernel, especially the dependency from a location and a scale parameter. The major exception is
that of the logarithm in the exponent which essentially leads to a polynomial. However, as a direct result
of this a different normalization constant is necessary which is not as easy to compute as in the Gaussian
case. The DGX distribution is the inspiration of the squared power law in table 3.1.

s A(po, 00) (Ink — po)?
fic = T exp (_T‘g
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-1
A +001 (lnk—,u())2
A(po, 0) = - (——)) (3.10)

In the remaining of this subsection the exponent yy will be estimated for two scenarios. The first case
will be the power law shown in the first row of table 3.1. Assuming there are n available observations, then
collecting them using the linearized form of the power law yields the linear system of equation (3.11).

In fi 1 0
In fi 1 —In2||na

=1. . & f, = Xpb, (3.11)
) : : Yo
In f, 1 -Inn|—__=
~—— — by

£, X,

As the coefficient matrix X is not square, one possible solution is to multiply both sides of (3.11) with
its transpose. The least squares (LS) solution of (3.11) b and the projected values based it f are given in
(3.12). The projection matrix H;, can be used to generate regressed values when new data are available.

. -1 A -1
by (XPX,) XpE, and B, 2X,b, = X,(XX,) XDf, = H,f, (3.12)

By construction the two by two matrix X[T,Xp is symmetric with non-zero determinant.

no -Yr,Ink ; .2
XIX, = and det (XJX,) = n ) In®k - (Z In k) (3.13)
-, Ink ¥ ,In’k ps P

The LS estimate of yq is computed as in (3.14).

_ (Zhoo Ink) (Xp; Infir) = n(Xf_, InkIn fi)
nyr, k- (20, Ink)?

(3.14)

The mean square error (MSE) J, between the actual and the projected values is given in equation (3.15).

Sz 1 21 1
_pr2 = Xppr2 = ;pr-prpHZ = ;“(In‘Hp)fp”z (3.15)

1
22|
Jp "

The following properties hold for H,,. In light of the above, the geometric meaning of J, is that it is the
component of the measurements which is perpendicular to the subspace spanned by the columns of H,,.

-1 -1 -1
B2 = Xp(XPX,) XX (XPX,) X, = XP(X]X,) X, = H,
(I.—H,)H, = H,—Hy = H,-H, = O, (3.16)

The relative residual B of (3.17) is the fraction of power of b, captured by H,, of equation (3.12).

1T — )by,
[Fpb 1

1>

B (3.17)
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The exponent y for the cutoff power law of table 3.1 will now be estimated in the LS sense in a similar
way. Stacking the n available equations results in the system of the equation (3.18).

In fi 1 0 -1]|na
In f> 1 -In2 -2

= 1. . ) Yo | © f = Xcbe (3.18)
In f, 1 —lnn -nf{y/p,
—— S—— .
fe Xe be

Along a similar line of reasoning the LS solution of the linear system (3.18) is that of equation (3.19).
. -1
be = (XCTXC) XTt, (3.19)
Now the three by three coefficient matrix X X, has the structure of equation (3.20).
n - Yionk  =3) k
XIX. = |- ok YR In*k ¥p, klnk (3.20)

—Ykak Zinpklnk o XR k2

Matrix XY is made by placing X”f, as the second column of X X, as in (3.21).

n Yo In fi - k
X0L |-y Ik -X',Inklnfi X', klnk (3.21)
— 2k k — Yi-o kIn fi pY k?

The LS estimation of yy is computed as in (3.22). The determinant of three by three matrices can be
computed with the Sarrus rule, which is a special case of Leibniz formula, or with Laplace expansions.

det (XO)

= 2ot (KTX) (3.22)

Yo

Finally, the sum the power law can be bounded in a closed form by equation (3.23). Depending on the
number of values to be added and the exponent yq tighter bounds may well exist. Changing the integral
bounds may increase the accuracy of the approximation, but their estimation is not easy.

ko kl_)’o
Zaok_y" ~ 0{0/ x Vdx = ag|1 - 10 ) (3.23)
1 —Yo
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3.3.4 Activation functions

Activation functions are integral parts of TSNs and GNNs in chapters 3 and 5 respectively. In order for
their respective training process to efficiently converge, the activation function ¢(-) should comply to at
least the following rules in addition to be suitable for the learning task at hand.

& A thresholding behavior akin to that of human neurons should be present, even in a soft form allow-
ing ¢(+) to exhibit strong non-linear behavior. This leads to comnpact architectures.

& A saturation behavior can prevent unbouded responses to isolated input values and thus exclude
their possible propagation throughout the network. Thus convergence is not disturbed.

& The local derivative of ¢(-) should be bounded and also it should be computed or estimated. This
leads to smooth weight corrections as well as a total progressive convergence.

The the sigmoid or logistic (Igi) function of (3.24) is perhaps one of the most well known activation
functions and has a natural interpretation in the context of the class of Verhulst population models.
1 1

0(x00) = T —or = 1= T R 00y (3.24)

The hyperbolic tangent of (3.25) is non-linear and smooth. Notice that compared to the logistic function
presented earlier the hyperbolic tangent can take negative values and thus it has different applicability.

ooX ooX

e —e

@(x;00) = tanh (x;00) = ¢: R —> ool (3.25)

e00X 4 00X ’

The smooth rectified linear unit (sReLU) is lately becoming a common option shown in (3.26). As its
name suggests sReLU is smooth and allows some flexibility in handling the vanishing gradients scenario.

p(x;00) = In (e +1), ¢:R—>R (3.26)

The softmax function of (3.27) which is often used in order to generate ranking scores given a set of

values S = {s1,..., s} in the context of neural networks yields a probability for s.
A e’k
oK) =i ¢:S—1D (3.27)
=1€7

The final option is the scaled polynomial constant unit (SPOCU). It consists of a scaled difference between
the evaluations in two closely spaced points of an eighth degree polynomial kernel as shown in (3.28). The
constant ¢ imposes a hard upper limit on the neuron activation function value.

o (x; a0, Bo-yo) = Ofo(h(% +ﬁo) - h(ﬁo)), a0, Y0 > 0, o € (0,1)

A®-2xt+2), x>c
h(x;c) = x3(x*-2x"+2), 0 <x <ec, c>1 (3.28)
0, x<0
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3.3.5 Learning rate

The learning rate  is critical for the convergence of the training process of TSNs and SOMs in chapters
3 and 4 respectively. In the general case it depends on the epoch as well as on the iteration withtin a given
epoch if the entire training dataset is available. However, more frequently it depends only on the epoch
r in order to reduce design and algorithmic complexity. Since training takes places interations, the epoch
number will be in an iteration counter and not in a vector index. Common options include the following.

Picking a fixed constant y is the simplest strategy for the learning rate. When the input dataset is
known and consists of vectors, then the optimal strategy is to set u equal to twice the reciprocal of the
maximum eigenvalue of the autocorrelation matrix. However, its computation is prohibitive.

Another option is the exponential decay of (3.29). Although it favors early epochs with respect to later
ones, it does so in a rather unblanaced manner. Thus, the training process may terminate prematurely and
it may yield less than satisfactory results as much input knowledge has not been mined.

ulrh = ggevor (3.29)

A mild improvement comes from the inverse logarithm learning rate of (3.30). The slow growth rate of
the logarithm ensures some evolution over epochs, but this formula is useful for very large datasets and
often the constant in the denominator needs to be small in order to compensate for this.

1
ag log (r) + fo

plrh = (3.30)

The next logical step is equation (3.31) where the inverse linear relationship leads to quicker evolution
and does not have many of the numerical problems of the inverse logarithm resulting in a smoother learn-
ing process. Still, early epochs do not have sufficient weight and for large datasets it does not scale well.

1
[k] _— - 3.31
K agr + ﬂo ( )

A direct variant of (3.31) is the inverse polynomial strategy of (3.32). Its decay rate is quite flexible and
potentially smooth with the ability to adapt to a broad spectrum of datasets with a variety of characteristics,
but determining the right coefficients is not easy and may require resorting to numerical methods.

1
[k] — - 3.32
K (aor + Po)™° (3:52)

Finally, the cosine decay of (3.33) provides a decent tradeoff between a smooth decay rate, rewarding
early epochs, and having a low number of parameters to estimate. However, the maximum number of
epochs or an estimation thereof is necessary. Otherwise, a hybrid scheme can be used.

ulk] = aocos(ﬂ), 0<r<r-1 (3.33)
2?‘()
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3.4 Graph resiliency evaluation with TSN

3.4.1 TSN architecture

Graph resilience or structural coherency is a major design consideration across a wide array of techno-
logical fields with numerous applications. Edge loss, whether random or systematic, can be attributed to
design oversights or can very well be the result of natural factors. In any case, resilience must be a design
criterion of top prority. Evaluating or estimating resilience may potentially be computationally intensive
as it frequently involves visting or otherwise examining a prohibitively large number of edges or vertices,
depending heavily of course on the structural coherency definition used as well as on the operational pa-
rameters plus any additional constraints. For instance, in definition 3.10 the fraction of the edges which
may be deleted from a graph cannot be determined universally and depends on the underlying field.

Definition 3.10 (Graph resilience) Resilience is the ability to maintain total connectivity or maintain the
original number of connected components even after a fraction of edges is lost for an indefinite time.

Graphs provide an excellent abstract model for the study of resilience. In this context the existence of
an edge depends heavily on the local connectivity properties between its end vertices. Once the graph is
derived, its resilience is evaluated by a tensor stack network (TSN). TSN’ are an emerging DL classification
methodology with typically a FFNN topology where input is either stacked vectors or matrices, such as im-
ages or oversampled data from multiple input and multiple output (MIMO) digital communication systems
[L*16; Loy01; L*14; NLM13; BG06]. As it can be seen from figure 3.1, TSNs have a modular architecture
based on layers with identical structure which can be added or removed at will, offering flexibility and dy-
namic management of computational resources. TSNs do two dimensional learning as neurons can adject
their synaptic weights both from neurons of the same sublayer as well as those in neighboring layers.

In this section two TSN architectures will be trained to evaluate graph resilience and their performance
will be evaluated based on how well they can apporximate the Estrada index [Est22; WPW™*20], the odd
Estrada index [EH10], and the clustering coefficient [BAS23] of a large number of synthetic graphs. They
are major resilience indicators whose computation requires considerable resources.

Definition 3.11 (Estrada index) Let {Ax}]_, be the eigenvalues of a graph adjacency matrix M with A; >
Ay > ... = Ay. Then, the Estrada index E which evaluates graph resilience is defined as:

n

E= Z M= M pet et n eZha (3.34)
k=1

The odd Estrada index Ey combines two experimental observations concerning the original Estrada in-
dex, namely that adjacency matrix eigenvalues alternate in sign around zero and that only a few of the
positive largest such eigenvalues actually contribute to graph resilience.

Definition 3.12 (Odd Estrada index) The odd Estrada index E for assessing graph resilence is defined as:

m

Eo = Z sinh A, (3.35)
k=1
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The rationale behind the odd Estrada index is that only paths of odd length should be considered, since
paths of even length are likely to consist of smaller repeated paths. This would be equivalent to counting
twice the contribution of some edges. One way of ensuring that only odd paths are considered is to apply
an odd function to the spectrum of the adjacency matrix. Hyperbolic sinus is a numerically stable and odd
function, as it can be seen from its Taylor expansion of equation (3.36).

k
sinhx = Z% k=1 (mod?2) (3.36)
k]

Each layer consists of two distinct parts as seen in figure 3.2. First, two weight matrices W; and W
with the synaptic weights connecting the output of the previous layer with the two sigmoid sublayers. The
second part is a third order tensor U which multilinearly combines the output of the two sigmoid sublayers
and generates the predictions of that layer, which will be fed as input to the next layer. Therefore, TSNs
are a natural choice for higher order data such as images, graphs, and geospatial data.

Hidden Hidden

Input Layer 1 Layer 2

Output

Figure 3.1: TSN architecture.

The prediction phase for a given layer ends when the predictions matrix Y are generated as seen in
equation (3.37) by intermixing through tensor U the output of the sigmoid sublayers h; and hs. By defi-
nition of the Kronecker tensor product, the resulting matrix h; ® hs contains each possible product of the
elements of vectors h; and hs. Each of the vectors h; and hs are the output of the two parallel sigmoid
sublayers operating independently as in (3.37). Notice that these intermediate outputs are independent of
each other. This allows TSNs to gradually discover and learn from two different feature sets. In equation
(3.37) the non linear activation function is the sigmoid of equation (3.24) applied elementwise.

h; (W1 vec (X))
Y = Uxy (h1 ® hg) and = (337)
hs (W1 vec (X))

During the training phase the local error gradients with respect to U, W1, and W5 are determined. The
selected solvers applied a regularization approach to avoid numerical errors or overfitting as in (3.38).

(A+pDx = b (3.38)
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Output

Tensor
+
Nonlinearity

‘Weight
Tensor Too
Network
Input

Figure 3.2: TSN layer structure.

The loss function was the binary negative cross entropy K of equation (3.39). Therein, c is the number
of samples, p is the probability mass function of the training set and q the target probability mass function.

Kl 3 Datelwozptol v (3.39)

A major advantage of synthetic graphs is that they can be chosen to contain specific patterns which
influence resilience. Table 3.2 summarizes the properties of the graphs used in the three datasets. Therein
K, is a complete graph, B, , a bipartite graph, and C,, a cycle graph. The upper half of this table has the
low resilience graphs, whereas the lower half contains the high resilience graphs. For each pattern exists
two distinct yet isomorphic graphs which have it, so that TSNs can disover these patterns independently
of row and column permutations of the adjacency matrix. All patterns exist in the three datasets. Graphs
1-20 and 61-80 have been assigned to training dataset, graphs 21-40 and 81-100 to training, and graphs
41-60 and 101-120 to validation. Kronecker graphs are generated in the following two steps.

& A generator graph with |V| vertices and adjacency matrix M is selected.

& In each step a new graph is obtained with an ajacency matix computed as in (3.40).

M, k=0
M2 IV @ M, k = (3.40)
Mkl @ M, k > 2
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Table 3.2: Properties of the testing, training, and validation graphs.

Indices Low resilience pattern

1-2, 21-22, 41-42 Binary tree

3-4, 23-24, 43-44 Three K3 with 2 connecting edges

5-6, 25-26, 45-46 Bo,7 with 10 connecting edges

7-8, 27-28, 47-48 Ba¢ with 12 connecting edges

9-10, 29-30, 49-50 By with 14 connecting edges

11-12, 31-32, 51-52 By with 16 connecting edges

13-14, 33-34, 53-54 Two K4 connected through a single articulation vertex
15-16, 35-36, 55-56 Non-overlapping C4 and Cs connected with a single edge
17-18, 37-38, 57-58 Two non-overlapping C4 connected through a single articulation vertex
19-20, 39-40, 59-60 K¢ with 3 vertices of degree 1

Indices High resilience pattern

61-62, 81-82,101-102  Three overlapping C4 with 4 edges between each cycle pair
63-64, 83-84, 103-104  Three overlapping Cs with 6 edges between each cycle pair
65-66, 85-86, 105-106  Two Ky with 12 connecting edges between each cycle
67-68, 87-88, 107-108 K5 and K4 with 8 connecting edges

69-70, 89-90, 109-110 K5 and K4 with 12 connecting edges

71-72,91-92, 111-112 Kg minus C3

73-74, 93-94, 113-114 Ko minus two K3

75-76, 95-96, 115-116  Three K3 with 8 connecting vertices

77-78, 97-98, 117-118 Kg minus a C4 and a Cy

78-80, 99-100, 119-120 Ko minus a Cyg

Table 3.3: Components of the two TSN architecures.

Component Role Arch
Data Input graph represented as an n X n adjacency matrix Both
ng) Synaptic weights connecting the data layer with Hgl) Both
W;l) Synaptic weights connecting the data layer with Hgl) Both
Hgl) First neuron stack of the first hidden layer Both
Hgl) Second neuron stack of the first hidden layer Both
u® Tensor combining the outputs of the first hidden layer neuron stacks Both
WgQ) Synaptic weights connecting the first hidden layer with ng) First
W;Q) Synaptic weights connecting the first hidden layer with Héz) First
ng) Upper neurons of the second hidden layer First
ng) Upper neurons of the second hidden layer First

u® Tensor combining the outputs of the first hidden layer neuron stacks  First
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Figure 3.3: The first TSN architecture.

Figure 3.4: The second TSN architecture.

The first difference of the architectures is the additional hidden layer in the first architecture. Otherwise,
the synaptic weights of both architectures are trained exactly in the same way, notwithstanding the dif-
ferent parameters and local error gradient matrices, especially those used in the additional hidden layer of
the first architecture. Notice that the second architecture is rather a special case, as it has only one hidden
layer. Weight initialization is the second difference as two strategies were used. The first was a Gaussian
randomized strategy and the second the reciprocal of the outbound connections of the sublayer.

3.4.2 Results

Table 3.4 summarizes the contingency tables for each of the four cases, while table 3.5 summarizes the
performance for them as assessed by accuracy, precision, recall, type I error, type II error, and F1 score
as well as by the correlation with the Estrada index, the odd Estrada index, and the clustering coefficient.
From these tables it can be inferred that two layers are preferable to only one. This can be attributed to
the greater flexibility offered by two hidden layers, which can represent more nonlinear functions with
increased degrees of freedom. This allows for correctly separating more matrix sets. Another observation
is that initializing the weights according to a Gaussian seems to yield better results.

Table 3.4: Contingency tables for the four pairs architecture/strategy after training.
FA/FS True False FA/SS True False SA/FS True False SA/SS True False
pos 20 0 pos 20 0 pos 18 2  pos 17 3
neg 19 1 neg 17 3 neg 18 2  neg 16 4

After training the validation dataset was fed to each of the four TSNs. In this way the entries of tables
3.6 and 3.7 are obtained. From the latter it can be seen that the first architecture/first option configuration
and the second architecture/first options achieved the same results, whereas the other two configurations
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Table 3.5: Metrics for the four TSN pairs architecture/strategy after training.

Conf Accuracy Typel Typell Prec Recall F1 Estrada Odd Cluster
fa/fs 0.9750 0.0000 0.0476 1.0000 0.9524 0.9756 0.8517  0.8445 0.8925
fa/ss 0.9250 0.0000  0.1304 1.0000 0.8696 0.9302 0.8792 0.8225 0.8633
sa/fs 0.9000 0.1000  0.1000 0.9000 0.9000 0.9000 0.8133 0.8019 0.8411
sa/ss 0.8250 0.1579  0.1905 0.8500 0.8095 0.8293 0.8001 0.7893 0.8116

had minor differences in performance, either positive or negative. This is an indication that TSNs can
successfully generalize in unknown datasets, at least in datasets containing familiar connectivity patterns.

Table 3.6: Contingency tables for the four pairs architecture/strategy after validation.
FA/FS True False FA/SS True False SA/FS True False SA/SS True False
pos 20 0 pos 19 1 pos 18 2 pos 17 3
neg 19 1 neg 17 3 neg 18 2  neg 17 3

3.5 Compressed graph recovery with TSNs

3.5.1 TSN architecture

In this scenario graphs whose structure has been compressed with the DCT2 are expanded with a spe-
cially designed TSN which utilizes structural information from similar graphs where similarity is deter-
mined by the topological correlation factor. This is done to exploit the increased variability and the non-
linear higher order patterns. The TSN architecture is displayed in figure 3.5 and it consists of a number of
components. The first components in every layer processing are the two tensor transforms of (3.41) on the
layer input matrices Uy and Uj. Matrices are second order tensors, so muiltiplication is allowed provided
they have compatible dimensions. This allows the separate processing of the input matrices.

U;=Hx; X  and  Up=Gx;S (3.41)

Expanding (3.41) between the matrix X and the third order weight tensor H yields the intermediate
matrix Uy of (3.42). Therein the matrix U; is elementwise computed. The matrix Uy, is similarly computed.

I
Uy lis,is] = (Hx1 X) [ig,is] & > H [, iz, ig] X [i1, ] (3.42)

ii=1

Table 3.7: Metrics for the four TSN pairs architecture/strategy after validation

Conf Accuracy Typel Typell Prec Recall F1 Estrada Odd Cluster
fa/fs 0.9750 0.0000  0.0476 1.0000 0.9524 0.9756 0.8311 0.8150 0.8633
fa/ss 0.9000 0.0555  0.1363 0.9500 0.8636 0.9047 0.8045 0.7944 0.8516
sa/fs 0.9000 0.1000  0.1000 0.9000 0.9000 0.9000 0.7875 0.7742 0.8241

sa/ss 0.8500 0.1500  0.1505 0.8500 0.8500 0.8500 0.7714 0.7498 0.8116
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Figure 3.5: Hidden layer structure.

Once matrices Uy and Uy are computed, they are driven to N, a tensor containing an FFNN cluster and
hence the layer computational core. The meaning of each dimension of N € RN1*N2XNs jg a5 follows:

& The first dimension is the neuron location. Consequently, N [, no, n3] contains the weights of layer
ny of network ns, while N [, :, n3] contains the weights of ns.

& The second dimension denotes the layer location within the neuron tensor. Each layer of every
network contains the same number of neurons, namely Nj. Generally, this number may differ.

& Finally, the third dimension indicates an individual network in the cluster. By fixing this index,
N [:, :;, na] is the synaptic networks internal to the nz-th FFNN.

Each of the N3 networks has Ny layers with N; neurons at each layer. The interaction between clustered
layers is expressed by Z; and Zs. Geometrically, the packed FFNNSs are placed in the area defined by the
first two dimensions of N. Interactions between different layers are modeled by Z;. Once Uy, and Uy are
obtained, the first layer is defined elementwise as shown in (3.43) below.

No Ny
u=N[ny,1,n3] l—[ UL [nl,né] +(1=N{ny,1,n3]) l_[ U; [nl,né] + Z Z 71 [n'l, 1, ng] A% [n'l, 1, n;]

’_ ’_ 7
n5=1 n5=1 ny, ng#ng

(3.43)

The result of (3.43) is routed to network n3 and in neuron n; therein. It is linear in its arguments and
it comprises od three distinct parts. The first is a weighted version of input matrix Uy, the second is also
a weighted version of Uy, and the last term is a linear combination of the peer layer output. These factors
compete with each other and eventually they form a network cluster. Once u is obtained, it is routed to
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the appropriate neuron. Then input u’ to neuron n; is similar to u as shown in (3.44).

N2 N2
u' =N [ny,2 n3] 1—[ \Y [nl, 1, n'2] +(1 =N [ny,2,n3]) 1_[ U; [nl,né] +Z Z Zo [n'1,2, né] A% [n’l, 2, ng]
n,=1 n,=1 ny ni#ng

(3.44)

3.5.2 Training

The error metric L assessing the progress of the TSN training process based on how different the TSN
output of a given epoch and the corresponding desired response is critical. As TSN performance is eval-
uated based on the topology correlation coefficient, it is only logical that the TSN should yield a scalar
output y. This paves the way for choosing L as the deterministic mean square error shown in (3.45). It is
taken over all the Cy pairs of the actual TSN output and the corresponding desired output rg-.

1 & )
L= C_O ; (rd’k - yk) (3.45)

Regarding the synaptic weights of the TSN, they are initialized with values drawn from a uniform distri-
bution in [;. During each iteration the elements of weight tensors H and G and of the grid N are updated
according to the delta rule. Moreover, the delta rule applies to N. In (3.46) ¢(-) is elementwise applied.

k11— ik +y([)k+1]X[k+1](VXN[k+1])TVXN[k+1]

qlksll _ gl +ﬂ([)k+1JS[k+1](VSN[k+1])TVSN[k+1]

Nt = NI o (9N 4 TgN) % B (3.46)

The error matrix EI¥*1] of equation (3.46) is given by equation (3.47).

I- 2Y[k]T(p(Y[k]), hidden layer
Elkl 2 (3.47)

= (yx = rax), output layer
Co

The local error gradient with respect to X of N and S for a hidden layer is the respective difference of
the current value from the past one. The weight updates for the tensors Z; and Z; are given in (3.48):

[k+1]

2V [0y, n3) 2 21 [n, ng, ns] + pl B [y, o)
Zékﬂ] [n1,ng, n3] = ng] [n1, ng, n3] +,Ll([)k+1]ulE [n1,n2] (3.48)

3.5.3 Graph topology correlation

The topology correlation coefficient is one intuitive way to evaluate graph similarity, although certainly
not the only one. Comparing the topology of two unweighted graphs is far from trivial. For two graphs
without loops with n vertices one way to compute the topological correlation coefficient ry is (3.49).

n-1n-1 n?-1

rat My [in, i Ma [ is] = —— 3 vee (My) [i]vee (Ma) [i]  (3.49)
n<—n

2_
ne=n =520 =0
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For equation (3.49) to work the two graphs should be aligned. If the graphs contain loops, as in state
modelling of transmission attempts over shared media in communication networks, only the normalization
coefficient needs to be changed. The coefficient r4 counts only common edge occurrences. If common edge
absences should also be counted, for instance in link prediction, then r, of (3.50) can be used.

n-1n-1 n?2-1
N 1

DD My [in,ia] &M [ir, in] = nzl_ D vee (My) [i] & vee (M) [i] (3.50)

i1=0i2=0 i=0

Tg=
n? —n

In (3.50) the operator @ applied elementwise on the the adjacency matrices is the complementary XOR
Boolean function. The proposed methodology can be applied to r, without any loss of generality.

AN A

I U
o N

Figure 3.6: Two example input graphs.

The difference between (3.49) and (3.50) will be highlighted. In figure 3.6 two input graphs are shown
whose adjacency matrices are in (3.51). The coefficients are r, = 1/3 and ry = 2/3. This difference can be
explained by the fact that common edge absences are counted besides common edge occurrences in 7.

010001 010100
101010 1000 1 1
o101 001 o001 10

Mi=lg 01 01 0 and  Ma= g g 1 g (3.51)
010101 01110 1
101010 0100710

3.5.4 Spatial graph compression

The compressed adjaceny matrix is obtained by the DCT2. By selecting only a fraction of the largest
DCT2 coefficients is equivalent to preserving the major higher order structural graph properties. This is
tantamount to compressing the input graph in terms on inherent spatial characteristics instead of fixed
coding scheme. For a graph signal x € R**%2 the DCT2 is a linear transform to the spatial frequency
domain. The most common DCT2 variant is type II defined as shown in equation (3.52).

L-11,-1

X [urus] 2By [wr] B [us] D, > x[ir, ia] cos o1 cos (3.52)

i1=0 i2=0
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In (3.52) the spatial frequency variables w1 and wo, also named transformed domain variables, are shown
in equation (3.53). In GSP the meaning of spatial frequency is very closely connected to graph sampling.
Higher spatial frequencies correspond to denser sampling as that neighborhoods of longer depths are ex-
amined. Thus DCT?2 coefficients reflect structural patterns like vertex degrees and local path density. Par-
seval’s theorem dictates that comparisons and operations in the original and DCT2 domains are equivalent.
Only a fraction of the DCT?2 coeflicients are needed to reconstruct the major part graph.

A 7ru1(2i1 + 1) A 7ru2(2i2 + 1)
= and Wy =———"

3.53
oI 2 o1, (3:53)

w1

The normalization coefficients f; [u1] and fs [us] of equation (3.52), which ensure DCT?2 is an isometric
transform, take the values shown in equation (3.54):

f1[w] = and fo [ug] 2 (3.54)

3.5.5 Results

The proposed methodology will be assessed in terms of accuracy and complexity through three undi-
rected graphs from the network repository'®, namely the inf-power, the yeast-protein-inter, and the ca-
Erdos992 graphs. These were the starting points for forming the graph sequences (Py), (Yx), and (Ey)
respectively, each having go graphs. The following stochastic iterative process will be used.

& With probability pg an edge is added between one vertex from the ones having low degree and one
vertex from those having high degrees. Both vertices are selected uniformly among their sets.

& Alternatively with probability 1 — py any two vertices of the graph are chosen with probability
proportional to their locally weighted degrees as shown in equation (3.55).

deg (v)

3. dog () (39

prob {o} o

In (3.55) the denominator ranges over the neighborhood of v. This selection mechanism prevents the
formulation of an exponential degree distribution and instead leads to a power law one. The latter implies
the existence of rather large vertex subgroups with moderate degrees acting as local hubs.

In table 3.8 are shown the TSN configurations in terms of the fraction of the DCT2 coefficients Py used
as training set and of the activation function. From left to right the activation function used is sReLU of
(3.26), the logistic of (3.24), and SPOCU of (3.28). Moreover, table 3.9 has the normalized results for each
TSN configuration and each graph sequence. The TSN performance metrics again from left to right are the
final MSE, the number of epochs necessary to converge, the total execution time, and the total execution
time minus training. The latter is important in determining whether TSNs are a viable alternative to direct
DCT?2 inversion. As TSNs are very CPU intensive, the wallclock time was used.

*https://networkrepository.com
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Table 3.8: TSN configurations.

# configuration #  configuration #  configuration
1 (0.1Py,sReLU) 6  (0.1Py,lgi) 11 (0.1Py, SPOCU)
2 (0.15Py,sReLU) 7  (0.15Py,lgi) 12 (0.15Py, SPOCU)
3 (0.2Py,sReLU) 8  (0.2Py,lgi) 13 (0.2Py, SPOCU)
4 (0.25Py,sReLU) 9  (0.25Py, lgi) 14 (0.25Py, SPOCU)
5 (0.3Py,sReLU) 10 (0.3Py,lgi) 14 (0.3Py, SPOCU)

From the information contained in table 3.9 a number of conclusions can be drawn. The TSN configu-
rations with the logistic activation function systematically outperform every other. Also with more DCT2
coefficients comes better performance. Still, the total number of training graph pairs remains a small frac-
tion of the total available ones. Regarding these three configurations, there seems to be a tradeoff between
MSE and the number of terations. Fewer DCT2 coefficients result in slower convergence and hence more
iterations. Additionally, the logistic function is more suited to the task, which can be explained by its
stronger nonlinearity and its monotonicity. Finally, TSNs seem to learn sparse graphs more efficiently.

Table 3.9: Normalized results for each TSN configuration and benchmark sequence.
(Pr) (Yr) (Ye)

E; N, T. T, E; N, T. T, E, N, T, T,
233 192 183 203 213 211 192 1.8 191 1.88 215 2.03
213 162 1.77 194 201 195 175 1.72 180 1.72 203 1.84
1.88 1.41 163 1.78 189 171 173 163 176 174 181 1.75
1.69 123 158 161 1.78 1.63 159 143 151 162 167 1.61
1.62 1.17 161 159 1.61 1.67 137 1.62 143 149 151 143
1.13 1.09 119 1.13 1.11 108 1.09 .141 1.05 1.09 1.12 1.18
1.09 1.04 1.07 1.08 1.08 1 113 1.14 117 114 1.09 1.11

1 1.02 1 1 1 1.03 1 1.04 1 1.03 1 1

9 1.04 1 112 114 113 1.12 1.17 1 114 117 118 1.21
10 1.07 109 119 122 123 1.19 124 112 117 121 125 126
11 138 136 132 128 139 127 143 129 128 142 1.45 147
12 146 142 138 143 147 134 151 138 139 147 154 1.56
13 135 128 122 125 127 121 129 121 122 124 125 127
14 144 142 141 146 144 1.45 142 146 145 142 145 147
15 153 147 154 152 156 153 152 151 154 155 1.53 1.56

0 3 O U = W N 3
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Chapter 4

Self organizing maps

Good evening, ladies and gentlemen.

My name is Orson Welles.

Iam an actor.

Iam a writer.

Iam a producer.

I am a director.

Iam a magician.

I appear onstage and on the radio.

Why are there so many of me and so few of you?
Orson Welles (1915 — 1985)

4.1 Chapter introduction

ELF organizing maps (SOMs) or cognitive maps are a class of unsupervised neural network architec-
tures which rely heavily on the flexibility to learn how to create and modify connections between two
distinct spaces, namely the data space V and the coordinate space C [Koh90]. The notation V and C for
these two distinct yet related spaces will be preserved throughout this chapter. SOMs are a rarity among
neural network architectures in the sense that they perform an unsupersivsed learning process in sharp
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contrast to the existing mainstream architectures which act in a supervised manner like the MLP. This
trend for unsupervised neural networks continues with the development of other architectures such as
autoencoders [CDW™*24; BDS*24], generative adversarial networks (GANs) [GLZ24; OTP*24; BR24], and
GNNs. The latter are the topic of chapter 5. As a general note, unsupervised neural networks are becoming
essential for extracting knowledge from large datasets since the computational complexity of training in
supervised learning architectures gradually becomes prohibitive. Moreover, with data scaling so do the
problems of dimensionality, data space sparsity, and data quality as well as the ever necessary need for
data annotation. This is especially true in humanistic data as explained in chapter 1.

Typically the data points of V come from a manifold and SOMs construct a low dimensional projection
thereof in C while preserving up to an extent its primary topological properties by iteratively learning the
appropriate synaptic weights by combining the following elements [Kiv96; Koh97]:

& A distance function defined in V for comparing data points and neuron synaptic weights.

& A modified, essentially somewhat relaxed, Hebbian learning rule [WKPP24; KBM24] operating in C
which is a spatial function of the location of a neurons from a special neuron termed best matching
neuron (BMN), which is different during every iteration of the learning process.

& A proximity function defined in C which determines which neurons are close to the BMN.

& A weight function which is also defined in C and decides the amount of reward the neurons deemed
close to the BMN based on the proximity function should receive.

This deceptively simple mechanism which does not require extensive and elaborate optimization tech-
niques is how SOMs deal with the high dimensionality of V. Although SOMs are definitely not new as a
concept since their inception can be traced back to [Koh90], the introduction of tensor distance metrics for
evaluating data point proximity in the attribute space is the novelty introduced in this dissertation.

Neuroimaging with the progress of medical technology is emerging as a non invasive diagnostic method
[ALS24]. It is a collective term for a range of technologies, each of which relying on different physical,
chemical, and biological properties of the human body in order to study the central human nervous system.
This is done in this chapter by integrating a tensor distance metric into the SOM. This is versatile enough
to allow the SOM to learn higher order correlations between fMRI pixels and also highlights the role of
geometry in determining boundaries in images. In order to evaluate the proposed SOM architecture, it
has been tested with an open dataset, under the Creative Commons license from openneuro.org, containing
fMRI images taken during three cognitive tasks conducted by elderly people. Since ground truth data
is available, the confusion matrices have been derived for SOMs of various configurations. Moreover,
the corresponding topological error rates, the activation set change rates, and the intra-cluster distance
variations have been computed for each epoch during the cognitive map formulation.

The objectives of this chapter are given in research statement 4.1 below.

Objective 4.1 (Chapter research objectives) This chapter presents an SOM with a tensor distance metric
in the data space to cluster fMRI images representing different cognitive tasks.
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The remainder of this chapter is structured as follows. In section 4.2 the recent scientific literature
regarding SOMs, ML and DL neuroimaging applications, and graph clustering. For the bibliography review
pertaining to tensors and tensor distance metrics please see section 3.2. The proposed SOM architecture
along with the associated tensor distance metric are described in subsection 4.3.1, while the training process
is given in 4.3.2. The results obtained are shown in subsection 4.3.3. Finally, conclusions are in chapter 6.

4.2 Previous work

SOMs constitute a class of neurons arranged in a low dimensional grid and trained in an unsupervised
manner based on a modified Hebbian rule [KKL90]. SOMs are designed to learn the topology of an un-
derlying higher dimensional manifold [Kiv96] and to progressively create a low dimensional projection
thereof where the major topological properties of the underlying manifold are approximately preserved.
As such multiview clustering can be achieved [JRS*24]. The Hebbian learning rule is extensively discussed
in [WKPP24] and its connections to iterative learning are explored in [KBM24]. SOM applications include
clustering large databases [Koh90; Koh97], interpreting gene expressions [TSM*99], federated learning
[GFA*24], discovering polluted water areas [GS24], and denoising industrial images [WAM19]. Fuzzy
cognitive maps [SSL24] can extend the functionality of original SOMs by relaxing the hard constraints
on the clustering they perform [JRMK24], whereas risk assessment for complex systems [AYZA*24] and
cognitive-affective methods for test-retest reliability [GRS*24] are two more applications thereof. SOMs
have been proposed as the computational model of the hippocampus in human brain [BSZ*24]. Cognitive
maps are covered extensively in [GN24].

Neuroimaging is a prime application field for ML and DL as well as a major interdisciplinary research
area on its own right [ALS24]. DL has been proposed for enhancing MRI images [YC24]. DL for Alzheimer’s
disease is proposed in [DHF*24]. An overview of magnetic resonance in medical imaging is given in
[HT24]. Cross modal neuroimaging based on fusing tensor modes is the focus of [LBM*24]. Explain-
able DL for neuroimaging is discussed among others in [DMH*24] and in [MSH*24], while for strokes
in [MPADB24]. Knowledge transfer from neuroimaging to psychiatry is explored in [DGP*24]. Wavelet
processing with LSTM for brain signals is proposed in [ABJ*24]. Other DL techniques for neuroimaging
are given in [JKV24]. The dataset for this chapter was taken from [LMM*19a].

Clustering discovers structure in raw data without supervison [EKM*24; FLH24; IAT24]. As such, it
is by definition an extremely broad field as it covers topics ranging from approximate reasoning [V*24]
and transcriptomics [YZL*24] to visual learning [YQH24] and visual transformers [LCW*24] and, hence,
it cannot be covered entirely in this bibliography review section. It relies heavily on the selection of data
representation [DSYA24] as well as on the distance metric [HMB24]. An overview of the field is given in
[OT23], in [LRU20], and in [GND*20]. Graph clustering takes a number of forms depending on the ap-
plication and the algorithmic approach, which can be infromation theoretic criteria [CRP*24], structural
considerations [YWD™24], or linear programming [CCAL*24]. Graph clustering in multiple resolution lev-
els is the topic of [TGZ*24], whereas algorithms for higher order graph clustering are given in [YBL18].
Image clustering also has connections to graph clustering [CLYW24], but it is also a field on its own right
[GLLT24]. Recent advances include mask recovery [LLT24], unconstrained semisupervised convex sym-
metric matrix factorization [LWZ24], and convolutional autoencoders with separable orthogonal moments
[BEOZZ24], while [WYD*24] and [TA24] provide an overview of the field.
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4.3 Clustering cognitive tasks with SOMs

4.3.1 SOM architecture

Generally speaking an SOM is a neural network architecture performing clustering by indirectly con-
necting two vector spaces of vastly different dimensions, namely the data space V and the coordinate
space or grid C. Typically the orignal data space V is generated by sampling a higher dimensional linear
manifold. Each computational neuron belongs to a grid which frequently has one or two dimensions, with
the latter option being way more popular. After an iterative learning process heavily involving geometry
the original data space V has been projected to the SOM grid C where the primary topological properties
of the former preserved up to an extent in the latter. During training the role of geometry is twofold:

& The topological properties the original data space V dictate possible regions of interest which in
turn indirectly dictate cluster shapes and the boundaries between them in the resulting grid.

& The distance metric between vectors in the data space V determines various local geometric loci
based on the linear manifold which are reflected in the clusters in the final coordinate space.

The ability of SOMs to generate this low dimensional representation of V in C with the latter preserving
topological similarities and neighborhoods of the former typically yields smooth clusters which can be
naturally used for visualization. Smoothness is crucial in the progressive formulation of the resulting
cognitive map since this ensures than knwoledge incorporated in the cluster structure is not destroyed in
successive iterations. Therefore, convergence proceeds more or less smoothly over the iterations.

In the following the albebraic description of SOMs will be mixed with geometric concepts, since the
former can be far more easier coded. Without loss of generality, the following concepts can be applied
also to one dimensional girds. In figure (4.1) the operation of an SOM is conceptually shown. Observe
therein that the two upper points of the original linear manifold are mapped in the same grid column as
their horizontal distance is insufficient to place them in different columns. However, their vertical distance
more than suffices for placing them in different rows, in this case in two successive ones.

Figure 4.1: SOM projection.

In the discussion which follows let n denote the number of available data vectors or data points and d
their fixed dimensionality. The latter holds true even when the data points are of variable length such as
strings. In this case, d is taken to be the maximum string length with respect to its encdoding.

Definition 4.1 (Input vector space) The input spaceV is the d-dimensional space containing the set of the
n availble data points. Each such vector is assumed to consist of d numerical features.

S= {Sk}Z=1 (4.1)
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Definition 4.2 (Coordinate space or grid) The coordinate spaceC is a pXq two dimensional discrete space.

Each neuron uy of the grid has a dual role as it is assigned both a location vector loc (ux) € C and
a weight vector weight (ux) € V. As such, the weight vector of every neuron may very well be used
in linear algebraic operations in “V involving elements of S. These are in turn indirectly reflected in C.
This connection is critical for the clustering ability of an SOM. It should be noted that, although it is
straightforward to follow this connection from V to C, the reverse in general is not true. This is a direct
consequence of the dimensionality reduction and the associated information loss.

wi [1]

] eC and u © weight (uy) = eV (4.2)
wi [d]

Xk

Uu L d
k [yk

In the general case there is no strict criterion to determine the grid size. Thus, the empirical rule of
equation (4.3) proposed in [Koh90] which takes into consideration only the total number of data points
and roughly connects the grid size with the entropy of the dataset at hand will be used. Moreover, the grid
has equal dimensions as there is no a priori reason to favor one dimension over the other. The constants pg
and g can be arbitrarilty selected or fit by least squares to the estimated entropy of the dataset, provided
that it can be efficiently computed. Alternatively, o may be multiplied by a function with a sublogarithmic
growth rate so that the logarithm will remain the dominant term of the grid size as n grows.

p = po[logn] +qo or p = po[logn]+qo o(logn) 43)
q=7 q=7p
Given that in the general case more than one data vectors from V can be mapped to the neural weights
of the same neuron in the grid, the location relationship between a data vector and a neuron and the
assignments of the former to the latter must be formally expressed. This is algorithmically expressed by
the pair of relationships loc (-) and invloc (-) as explained in detail in definition 4.3 below.

Definition 4.3 (Neuron and data point relationship) The relationship loc (-) yields the neuron a given
data vector has been assigned to. Additionally, assuming that fi. data vectors from S have been assigned to uy.
during the SOM training, then the relationship of equation (4.4) returns the set of these data points.

loc (sp) = ug

invloc (ur) = {skl, .. .,skfk} =S, CS (4.4)

The upper part of equation (4.4) given a data point s, gives the neuron it has been assigned to. The lower
given a neuron returns a set Sy consisting of data vectors and therefore it is not a function. This is a direct
consequence of the clustering operation as many vectors are bound to be matched to the same neuron.

Depending on the grid shape and the adjacency rules a neuron has a varying set of neighboring ones.
Although these factors influence the learning process and the resulting cluster structure, they are not
reflected in the data vector V. Nonetheless, they are an essential part of the SOM as a data processing
unit. In a rectangular grid the neighboring neurons can very well form a cross, a square, a hexagon, or
even a circle. In this dissertation the cross has been selected as indicated by figure 4.2. Definition 4.4 gives
both the formal indicator function for determining neighbors based on which the set of neighbors is built.
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Definition 4.4 (Neighboring neurons) Any neuron adjacent in C to a given neuron uy according to the
grid size and adjecency strategy is termed to be a neighbor of u and satisfies the indicator function of (4.5).

1,u; and u; are neighboring

neighb (u;,u;) = (4.5)
0, otherwise
Furthermore, for each neuron u; the neighborhood set T (u;) is defined as in equation (4.6).
T (u,) = {Uj eC | nelghb (ui, Uj) = ].} (4.6)

T e

Figure 4.2: Neighboring neurons in a rectangular grid with a cross strategy.

The SOM training process relies heavily on three functions, one in V and two in C, in order to yield the
cluster structure. As stated earlier in section 4.1 these functions are the distance metric d (-, -) in V), the
proximity metric ¢ (+,-) in C, and the weight function A (-, -). The first evaluates distances between data
points and synaptic weights, the second grid distances, and the third rewards within a cluster where its
maximum value is always at the cluster center. In certain scenaria h (-,-) and g (-, -) are related, by they
do not need to be so in the general case. The weight function also plays a central role in the formation for
each neuron of its proximity set of definition 4.5. Common options include the following.

The Gaussian kernel of (4.7) decays smoothly allowing the formulation of compact clusters.

2
. i = ]
h(uj,uj;00) = exp|-———— (4.7)
( L) ) . (—27_[ ( 20_3
The triangular function of (4.8) has a linear decay rate.
oo =l
(s ugsyo) £1- 1 (439)
Yo
The circular weight function of (4.9) forms a semicircle around neuron u;.
2 2
o VP~ i = will,
h (wi uj; po) = ——— 4.9)

Po
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Figure 4.3: Projection of a cylinder to a square.

Definition 4.5 (Proximity set) The proximity set A (u;; &) for a neuron u; given a threshold & is the set
of neurons for which the reward function h (-, -) remains above &y as shown in equation (4.10).

A (ui; &) = {uj € Cl h(uu;) > &} (4.10)

The proximity set A (u;; &) of a given neuron u; differs heavily from its the neighborhood T (;) in-
troduced in definition (4.4). The former corresponds to the effective area of a cluster around u; whereas
the latter only to the centroid of that cluster. Therefore, A (u;; &) includes I (u;) but also always extends
beyond that. The limiting case where the two sets coincide is very rarely used in practice, if at all as in
such as case the clusters would have literally zero periphery and clustering would reduce to moving points
around the SOM grid. To this end the cluster density and the effective cluster density during epoh r are
defined as in (4.11). Therein D"} is the activation set of (4.13). The former expresses the size of cluster
periphery to that of its centroid which is formed around neuron u;, whereas the latter is the harmonic
mean taken over all such best matching neurons. The harmonic mean is robust to numerical instabilities
such as floating point perturbations and catastrophic cancellation and tends to ignore outliers.

ey 2 1A (uis &o)l [rl gy 2
] (uu'fo)——lr(ui)l and 7" (&) =

o]

@
Y]

(4.11)
%

This is one of the many ways geometry shapes SOM functionality. Indeed this point should be em-
phasized as geometry plays an important role in SOM, as seen by the connections between V and C, the
preservation of topology, and the interplay between the proximity and weight functions in C. Geometric
constraints are typically harder to code and check for than algebraic ones since a considerably larger of
data points should be checked and computations may he highly nonlinear. However, geometry offers bet-
ter insight into the data space V' and allows for meaningful visualization. Figure 4.3 depicts the projection
of a cylinder in the data space to a square in the coordinate space.

4.3.2 Training process

During epoch r the best marching neuron u* for the input vector sy is the neuron whose weight vector
is closest in V to s; as evaluated by metric d (-, -) as shown in (4.12).

u* = argmin [d (si, weight (u))] (4.12)
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Notice that the distance metric in (4.12) is computed in V. Once it is found, u* is added to the set DI of
activated neurons for that given epoch is formed for the given epoch r as in (4.13). In case of a tie, especially
in early iterations, a tie breaker is used, typically the neuron which is the farthest from every other cluster
centroid or the neuron with the smallest coordinate vector. This illustrates the importance of the weight
vector initialization strategy, in this particular case a multivariate Gaussian probability distribution.

pll  pllyy* (4.13)

The synaptic weights of the best matching neuron u* are updated in each projection of the epoch r based
on a modified Hebbian update rule as per equation (4.14). Besides u* the synaptic weights of each neuron
u’ € A (u*; &) are also updated as shown in the lower equation of equation (4.14). Therein please observe
the role of the reward function h (-, -) as well as that the actual reward is based on the distance between s
and u’ for the case of u’. Therefore, additional distances need to be computed depending on the size of the
proximity size of u*. In later epochs and for large clusters the same reward may be given to neurons.

A weight (u*) = pl"ld (s, weight (u*))
A weight (u) = plh (w',u*) d (sy, weight (u')) (4.14)

The proposed multilinear distance metric is shown in (4.15) and it includes bilinear and quadratic func-
tions as special cases. It converts iamges to very long vectors and weighs them in the spatial frequency
domain according to the relative location and value of the pixels. This allows more flexibility as different
tensor components can receive different weights. The weight matrix G is defined elementwise as a first
order lowepass Butterworth filter whose values depend only on the locations of the elements of s involved.
The following two properties of the two dimensional discrete cosine transform (DCT2) will be utilized.
First, given that images have only real values, the transformation spectrum will also consist of real values
exclusively. Additionally, the latter will be sparse with nonzero values concentrated along the low spatial
frequencies, making the application of transform domain filters computationally efficient.

J(X,Y;G) = (Vec (X-Y)T G vec(X - Y))% = VsTGs
s=vec(X-Y) (4.15)

The original data points are three stacked fMRI images for each subject as shown in equation (4.16).

Xe= | Xer | Xez | Xes | (4.16)

The weight matrix G consists of the DCT2 matrix M, the filtering matrix F containing the Butterworth
filter, the identity matrix I, and the 3 X 1 auxiliary vector 13 ; whose elements equal 1 as shown in (4.17).

M F
G= (13’1 ®M)T(I®F)(13’1 ®M) with 13,1 M = |M and I®F = F (4.17)
M F

The advantages of using the distance metric equation (4.14) include the possibility of clustering images
in more than one ways as matrix G can be extended. Different aspects can receive different weights or, al-
ternatively, each image can be respresented by multiple feature vectors increasing flexibility and providing
insight into clustering dynamics. Moreover, the proposed metric can be combined with nonlinear kernels
or approximations thereof, paving therefore the way for advanced clustering schemes.
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Perhaps the most common and intuitive SOM error metric is the topological error explained in definition
4.6. As local coherence preservation is of primary importance in the final cognitive map, it is only natural
to measure the average probability that a data point is assigned to the periphery of a cluster.

Definition 4.6 (Topological error rate) The topological error T [r] for epoch r is the ratio of the number
of data points which are mapped to A (u*) \ T (u*) as shown in (4.18).

T [r] 2 % Z [{loc (sx) € {uUT (u) | u € D[r]}} (4.18)

SkES

Table 4.1: Distribution of tasks.
Ti1 T2 T3 Subtotal

Neutral 6 5 5 16
Negative 6 6 5) 17
Subtotal 12 11 10 33

Table 4.2: SOM configuration options.

d(.-) 9(.) h(.-) 1

T: tensor G: Gaussian ~ G: Gaussian ~ S: cosine

L2: o norm C:circular  C:circular  E: exponential

L1: £y norm R:triangle R: triangle P: inverse polynomial

Table 4.3: SOM configurations.

#  Configuration # Configuration # Configuration

1 (po, qo,L]., C, C, E) 10 (po, q0, L2, C, C, E) 19 (po, q0, T, C, C, E)
2 (p(), qo,L]., C, C,P) 11 (po, q0, L2, C, C,P) 20 (po, q0, T, C, C,P)
3 (po,q0,L1,C,C,S) 12 (po,q0,L2,C,C,S) 21 (posq0,T,C,C,S)
4 (p(), qo,Ll, R, R, E) 13 (po, q0, LQ, R, R, E) 22 (po, q0, T, R, R, E)
5 (po, qo,L].,R, R, P) 14 (po, q0, L2, R, R, P) 23 (po, q0, T, R, R, P)
6 (p(), qo,L]., R, R, S) 15 (p(), q0, L2, R, R, S) 24 (po, q0, T, R, R, S)
7 (p(), q0, Ll, G, G, E) 16 (po, q0, L2, G, G, E) 25 (po, q0, T, G, G, E)
8 (po, qo,Ll, G, G, P) 17 (po, q0, L2, G, G, P) 26 (po, q0, T, G, G, P)
9 (p(), qo,L]., G, G, S) 18 (po, q0, L2, G, G, S) 27 (po, q0, T, G, G, S)

4.3.3 Results

The anonymized dataset for the experiments of this section was taken from [LMM*19b] and it is derived
from a project for studying the ageing human brain. It has been publicly uploaded to openneuro.org under
the Creative Commons license®. According to the dataset authors, the latter consists of male and female

‘dataset doi: 10.18112/openneuro.ds002366.v1.0.0.
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participants, all right handed with no health problems. Each participant was presented for three seconds
an image of neutral or negative affective polarity selected from the International Affective Picture System
and then was issued an audio instruction to suppress, maintain, or enhance their emotions. These are the
three cognitive tasks, respectively denoted as T1, T2, and T3. Table 4.1 has frequency distribution for
the three cognitive tasks and the corresponding sentiment polarity. The SOM configurations used along
with their numbering are shown in table 4.3. The options for the distance metric, the proximity metric, the
reward function, and the learning rate are explained in table 4.2.

Table 4.4: Best (left) and average (right) confusion matrices.

Metric Conf # Task (%) T1 T2 T3 T1 T2 T3
finorm 8 T1 78.66 8.33 13.00 7711  11.89  11.00
T2 10.66  75.00 14.33  11.00 7450  14.50
T3 4.00 7.00 79.00 5.20 8.20 76.60
fonorm 18 Task (%) T1 T2 T3 T1 T2 T3
T1 79.66 8.00 12.33  78.00 7.50 14.50
T2 9.00 81.00  10.00 7.30 79.40  13.30
T3 7.66 8.33 83.00 5.00 13.50  81.50
proposed 27 Task (%) T1 T2 T3 T1 T2 T3
T1 91.01 6.99 2.00 88.50  11.16 1.33
T2 2.33 85.33  12.33 2.00 84.00  14.00
T3 5.00 8.66 87.33 3.00 11.50  86.50

In table 4.4 the confusion matrices for the three distance metrics tested, namely the ¢ norm, the #; norm,
and that of equation (4.15). Specifically, the matrices obtained from the configuration which achieved the
least misclassification rate and from aggregating every other configuration are given. The proposed metric
consistently yields lower misclassification rates, which can be explained by the flexibility inherent in it.
Regarding norms £, outperforms ¢;, which can be attributed to the isotropic curvature of the formner. The
confusion between T2 and T3 was consistently higher than that any other class pair.
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Chapter 5

Graph neural networks

You can’t connect the dots looking forward;
you can only connect them looking backwards.
So you have to trust that the dots will somehow
connect in your future

Steve Jobs (1955 - 2011)

5.1 Chapter introduction

LUSTERING is one of the most important tasks in knowledge mining and in related scientific domains
C as it allows the discovery of structure inherent in potentially large data batches or even in entire data
lakes based on a small number of assumptions typically pertaining to the nature of the data and formulated
by what is sought after in the data under analysis. Although it makes perfect sense to wonder whether such
properties actually exist or are erroneous generalizations of coincidental, circumstantial, or local ones. The
latter in fact is a major considerations in scale-free graphs where emergence phenomena tend to appear
only after a critical graph attribute such as density or vertex size reaches a certain lower thereshold. That
being said, the nature of the data can support some fundamental properties or even the construction of
a suitably defined data space with the proper embeddings. Prime examples of this are distance metrics
for categories, vectors, and sets and the density of the data space. Even simple distance metrics like the

53
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commonly used Euclidean distance come with assumptions: The Euclidean distance implies that data points
are taken from a continuous space, coordinate squares have an actual meaning (e.g. they correspond to
energy or composition of edges), and straight lines are valid geometrical constructs therein. Because of the
intractability of clustering in its general form, the lack of ground truth, and recently because of the sheer
dataset size, a plethora of clustering schemes has been developed for various purposes [LCW*24].

Graph neural networks (GNNs) have recently emerged as a versatile architectural paradigm whose main
properties are adaptivity, iterativity, and an orientation towards connections [LXD*24]. Through a mes-
sage passing mechanism and a processing layer, frequently an activation function or an aggregator, in a
properly configured GNN a single global state can eventually emerge from a diversity of local ground truth
information stored originally at the vertices [SSYR24]. In this way is captured and exploited any major in-
terplay in the underlying domain as long as they can be expressed in a compatible form for storing and
processing. Current field research focuses on the following fundamental topics:

& The conditions necessary for the emergence of the global steady state. Since in the general case
it is known that it is impossible, in fact Turing undecideable, to prove that each such state can be
the final result of any type of computation done in the nodes starting with arbitrary initial ground
truth vectors, it is necessary that classes of convergence be defined. This aligns with the emergence
phenomena in evolving graphs under most graph evolution models.

& How fast the converge to this steady state can be achieved. This is primarily a function of the com-
plexity of the GNN architecture in topological terms, the processing taking place in each node, and
more recently of the reliability of the communication mechanism in terms of noise strength. In turn
the latter depends heavily on the semantics of the underlying field.

& How robust the steady state is in the sense that once it emerges, then the GNN cannot move away
from even when subject to external input under certain regularity conditions. Moreover, a related
topic is that of how will the convergence rate be delayed if the ground truth vectors are incomplete,
estimated, or corrupted by noise or even by numerical errors.

Recent advances in computational science and technology have rendered feasible the development of
efficient methodologies, even in the form of sophisticated heuristics, for large scale humanistic data. High
dimensional data are frequently generated across a broad spectrum of fields ranging from digital medicine
and smart city management to finance, e-commerce, space exploration, and social media. Data dimension-
ality as well as variability, including missing fields, depends heavily on the underlying field. Nonetheless,
the fundamental goal remains essentially the same, namely the description of time varying entities from
different perspectives and possible at various levels of granularity as deemed appropriate. Social networks
are no exception to this rule as they model entities, either individuals or organizations, at Internet scale.
Additionally, social graphs, and any type of graphs for that matter, can inherently represent high dimen-
sional data in a recursive and distributed way. Indeed, local information can be augmented with that of
connected entities or with information obtained from the local digital communities in order to yield a bet-
ter sketch of the entity under consideration. Additionally, information from entities can be combined in a
bottom-up manner in order to construct a description of the community comprising of these entities.

Since the learning process in GNNs is iterative as shown in figure 5.1 and relies heavily on message
passing and local aggregation, two algorithmic questions arise. First, what is the update order of the GNN
vertices and, second, what is the relative weight of the local ground truth of each vertex with respect to the
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information arriving from the neighborhood. Regarding the former question, there are many approaches
depending on the topological configuration and the operational requirements of a given GNN.
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Figure 5.1: Message passing in GNNs in rounds.

Possible strategies regarding the GNN vertex update are the following. Please note that most of them
are not mutualluy exclusive and can be comnbined to yield more flexible schemes.

& Input should come for every neighbor. While this may potentially impose constraints and slow GNN
down, it ensures that each and every piece of information in the immediate vicinity is considered.

& Messages can come from a considerable fraction of neighbors in order to have sufficient information
in a given vertex to yield a new message which in turn will be forwarded to every neighbor.

& Processing can proceed when a significant information variability or innovation has been achieved.
This requires knowledge or an estimation of the respective variability of the neighborhood.

The relative weight at each vertex of the information arriving from neighbors is critical for the conver-
gence and stability of the GNN training process. To this end, it is frequently advisable to put more weight
to the local ground truth vector. In fact this is the standard update policy in pytorch. For an information
processing perspective, this is reminiscent of the regularization technique of equation (3.38).

Another point which should be mentioned is that GNNs have close connections to graph signal pro-
cessing (GSP) as information flow and processing in the former can be cast in terms of the latter. Since
as mentioned earlier graphs are the primary algorithmic vehicles for inherently representing higher order
data in a distributed manner while at the same time preserving any salient underlying dependencies, GNNs
can be combined with the tensor distances described in detail in chapter 3 or with other schemes relying
on similar principles such as higher order Fourier transforms shown in (5.1) or aggregators.

X(a)l, e a)p) = / .. / x(ul, el up)e_i(“’1”1+"'+“’ﬂup)du1 ...du, (5.1)
uL€Qq up€Qyp
In equation (5.1) Q1, ..., Q, are the respective domains for the variables uy, ..., u,. A very common special

case of equation (5.1) is the two-dimensional Fourier transform. In digital image processing, as in the case
of chapter 4, the variables u; and u5 correspond to pixel locations, whereas w; and ws correspond to spatial
frequencies, namely . This allows the development of filters in the transform domain such as the low-pass
spatial Butterworth filter [HLH24; TZQ"24] and other ones as well [MZH*24].
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The connection between graphs and signal processing stems from two fundamental relationships. The
first is that the graph Fourier transform is defined as the Fourier transform of its adjacency matrix as shown
in equation (5.2). Therein A is the adjacency matrix of a graph and A symbolizes its Fourier transform.
Finally ¥ [-] is the discrete Fourier transform operator, which can be expressed as a unitary matrix.

A=F[A] (5.2)

Equation (5.2) is an inspiration for numerous GSP schemes [LYLW24; CCZ24a; WDGC24; WRR24] includ-
ing graph clustering and graph flitering. Various implementations have been greatly facilitated by highly
optimized versions of the Fast Fourier Transform (FFT) like the FFT West (FFTW). The discrete Fourier
transform operator is the n X n unitary matrix shown below in equation (5.3).

1 1 1 1 1
X 1 wo wp wy oot
I T B B Ol Bt 63)
1 wn.—l w2(;1—1) w3(;1—1) o w(n;1)2

In equation (5.3) the quantity wo defined as in equation (5.4) below and it has an intrinsic connection
to both the unitary circle and to the fluctuations of the signal under study. Under this light, the Fourier
transform can be very well seen as the evaluation of a polynomial to the n roots of unity.

B 2mi
Wy = exp (—%) eC (5.4)

Moreover, equation (5.5) is crucial for the isometry property of the Fourier transform as well as for the
computational efficiency of the FFT. This can be directly attributed to symmetries in the unitary circle as
well as to the formulee for the sine and cosine of the sum of as well as of the difference between any two
angles in the primary interval ®. These are not independent as the shape of the circle confines the degrees
of freedom of sine and cosine. Therefore, geometry plays a role here as well similarly to chapter 4.

wgq _ wgq mod n’ pqe 7 (5_5)

The second relationship connects the Laplace transform of a matrix M to its exponential as shown in
equation (5.6). This is a more general relationship in the sense that M does not have to be a graph adjacency
matrix [YHL*24; Duo24]. The exponential matrix of a graph plays a crucial role in estimating its structural
resilience since the Estrada index of a graph is defined as the trace of its exponential adjacency matrix.
Equation (5.6) is also vital for evolving graphs as well as for control systems based on graphs.

L[eM] = sI-M), teRseC (5.6)

In the general case and unlike the Fourier transform, inverting the Laplace transform is not always ana-
lytically or computationally feasible. For the continuous case a plethora of numerical schemes has been
developed over time capturing special cases or relying on diverse assumptions. This is indicative of the
difficulty of the problem. However, as equation (5.6) makes clear, this is not an issue in a GSP context.
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Recall that the exponential of a matrix M scaled with a parameter t is defined as a power series as in (5.7)
and has a number of important properties such as having only strictly positive eigenvalues, a multiplicative
property, commutation, and invertibility. These have major implications for control theory among others.

+co k k
A t . Mt
eM’ = kE FMk = lim (I + 7) (57)
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GSP can be implemented in a myriad of ways. A recent one which aims at computing efficiently estimates
of a global graph state is the class of GNNs. GNNs are distributed GSP architectures relying on a coupling
of unsupervised neural network topology with attention mechanisms. The latter allow different neurons
to specialize on different parts and different attributes of the input graph, which consistently yields better
results. Each vertex in a GNN is a processing node which starts only with a local ground truth state vector
extracted from infromation available at the beginning of the computation and iteratively a global status
is derived based on the fundamental fact that graphs contain inherently higher order information in a
distributed manner as explained in chapter 1. The resulting graph global state can be subsequently further
processed in order to derive global properties such as community structure.

The research objective statement 5.1 outlines the topics, scope, and methodologies shown in this chapter.

Objective 5.1 (Chapter research objectives) This chapter presents a GNN for discovering affective coher-
ent communities in Twitter graphs based on a model for online behavior. Moreover, a variant thereof for edge
fuzzy graphs according to definition 5.1 is given.

The remainder of this chapter is structured in the following way. In section 5.2 the recent scientific
literature regarding behavioral sciences, GNN, and graph signal processing (GSP) is examined. The generic
properties of GNNs including possible attribute types are described in 5.3. Then in section 5.4 a social media
application is given in the form of assessing the affective coherency of two Twitter graphs structural,
functional, and behavioral features. This is extended in section 5.5 where the same architecture is modified
for edge fuzzy graphs. Finally, for the general conclusions of this dissertation please chapter 6.

5.2 Previous work

Graph mining aims at extracting knowledge from connection oriented data [GMK24; CZPQ24]. To this
end schemas for the latter have been proposed with JSON-LD* being a well known one [VRC23]. JSON-LD
plays a similar role to that JSON? does for text data [ABC*24] and BSON?® for binary data [SPS24]. Graph
mining [KA24] is an integral part of the interconnected era since it lays the groundwork for numerous ap-
plications across a wide array of financial and technological fields including among others SNA [CCC*24],
database query optimization [HCC*24], supply chain and logistics networks [LWL*24], and brain circuit
analysis [LTP*24]. Recently DL has been added to graph mining, for instance with long short term memory
(LSTM) networks [ZNN24]. In this context modeling a graph in terms of vertices, connectivity patterns,
and associated features is tantamount to data model selection [FYG*24]. Fuzzy graphs extend classical
graphs as probabilities drawn from a single distribution which may well have unknown parameters to

‘https://json-1d.org
*https://www.json.org
*https://bsonspec.org
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be estimated [XLL*24]. Said distribution is closely linked to the semantics and functional nature of the
underlying graph: For instance, in a transportation network edge existence probabilities can show how
likely a specific road is to be blocked [FuRM24], in a computer network they may model the chance of a
virus being propagated along a given link [LLH24], or in long supply chains the knowledge the flows and
capacities in light of the max-flow-min-cut theorem [PZ24]. A recent survey about the field is [PZCL24].
Finally, community discovery is the holy grail of graph mining as can be seen in figure 5.2.

In a GSP context adjacency matrices are considered as two-dimensional signals [LMM*23; OFK*18] and
signal processing techniques are then employed to extract patterns of interest [MSMR19]. An overview
of the connections to deep learning are given in [CSW*20]. Flow based GSP is examined in [SS18]. The
basic operations of GSP such as shifting and sampling are defined in [GZ17]. A graph version of the LMS
adaptive filtering algorithm is presented in [HNR*18]. Graph filter design principles are given in [IGSS24].
Additionally graph low pass filters are discussed in [ZHW24]. Blind graph matching can be done with
filtering graph signals [LSW24] and so can manifold graph signal processing [CCZ24b]. Recursive graph
signal processing is explored in [SZK24]. An overview of the field is [JEG*24].

GNNss are connectionist models designed to operate primarily on irregular domains expressing relation-
ships [TNZ*24]. They can efficiently learn global properties by iteratively updating local state vectors
assigned to vertices or edges [SLG*24]. Compared to other neural network architectures they tend to
exhibit scalability and robust generalization of local states [ZZC*24]. Also, GNNs exhibit scalability by
taking into consideration the link oriented nature of social graphs [RCDG"24]. Heterogeneous GNN ar-
chitectures are examined in [ZSH*19] and representative GNNs designed to complete versatile tasks in
[YLG*20]. Edge labeling is proposed in [KKKY19] in the context of few-short learning for GNNs. GNNs
counting graph substructures are examined in [CCVB20]. Reinforcement learning for GNNs is examined in
[KFL*24]. The technique of aggregated neural path in conjunction with ML tasks is described in [FZMK20].
In [FML*19] are given guidelines for social recommendation based on GNNs. Higher order GNNs are in-
troduced in [MRF*19], capsule GNNs have been proposed in [XC18], and few shot learning scenarios in
[KKKY19]. Applications include social recommendation [FML*19] and graph contrasting coding for learn-
ing graph representations [QCD*20]. Fairness in GNN operations is discussed in [JHF*24]. Finally, two
recent comprehensive reviews on the field are [Z*18] and [WPC*20].

Social networks arguably are nowadays critical in shaping public sentiment about various social, polit-
ical, cultural [DKG24], or even historical events [KSSY20], while reflecting or even distorting it at a global
scale [SK*24]. Twitter encourages short replies and high interaction between its accounts through features
such as replies, mentions, and hashtags [HS24] and has been steadily playing a central role in elections
worldwide [Pac24]. A prime example is the 2016 US Republican (or GOP)* party elections and later that
year the US presidential elections [Cor17; Ott17]. One important DL task when mining Twitter is assign-
ing sentiment polarity labels to accounts [MSP24]. This is done through local ground truth state vectors
containing structural, functional, and affective attributes [KS24]. Another such task is mining hashtags
because of their semantic significance [XZ20]. Emotions have been long identified as key factors in social
network ecosystems [MSR*24] and determining them yields important insights [PEP*24]. This appears to
be especially true in Twitter [MSS*24] where a broad spectrum of affective factors [MKS*24] including
irony, inflammatory comments, apophegmatic retorts, and bots with affective programming have been
reported to elicit different emotional responses across accounts [MSFL17].

*https://gop.com
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Behavioral attributes have recently emerged as an integral part of many recent computational systems
[YLZ*24; CM19] including games [WLD*24], social media [LHE24], and recently Al systems based on large
language models (LLMs) [SA24]. The connection between behavioral systems and data driven analysis is
explored in [MD21], while affective gamification strategies are explored in [KSLB18]. For social networks
the overall sentiment polarity has been proposed as an important coherence factor [MT24]. To this end af-
fective models like the emotion wheel [WMWM20] or the universal emotion theory [Ekm99] are invaluable
for developing efficent knowledge mining schemes [FCF*24]. Non linear composition composing of direc-
tion and intensity of emotions is the epicenter of [DWS*24]. Emotions serve specific evolutionary roles
[ASS24] and have been progressively adapted to describe individual online behavior in various contexts
[DG24]. An overview of behavioral systems is given in [WK17; CM19].

5.3 Introductory material

Instead of describing a generic GNN architecture as it was done for TSNs back in chapter 3, the architec-
ture tailored for each task will be presented. The reason behind this is that GNNs are highly customized for
the task at hand and, therefore, it makes sense only to describe generic properties such as local informa-
tion aggregation, propagation properties, topological patterns influencing the emergence of global graph
properties and the velocity of this process, or convergence criteria.

Table 5.1: Common GNN attribute types.

Type Description Data types
Structural ~ Pertaining directly to graph topology and geometry Vectors, matrices
Functional Define what sort of activities can take place on the graph Vectors

Spatial Stem from geolocation and geospatial data Maps

Temporal  Evolve over time whether deterministically or stochastically —Time series
Affective Come from or can potentially determine emotional state Hashtags, speech

The most well known data types processed with GNNs are shown in the rows of table 5.1. Note that
these types may well be related as various connections may arise depending on the underlying learning
task as well as on the GNN configuration. Learning in GNNs proceeds in a distributed and bottom-up
manner. The only available information at the beginning is a ground truth state vector of finite length
which is formulated by local conditions and potentially the result of DM algorithms. Depending on the
GNN geometry, the learning task, and ad hoc factors, state vectors can be stored at the following places:

& Vertices: In this case the local ground truth vectors is stored at the vertices. This is a natural choice
after an extended entity recognition as the latter are mapped to vertices under most such algorithms.

& Edges: This is the dual case of the previous one. State vectors are formulated by conditions holding
at both end vertices as a weighted mix thereof or as a single long vector represernting both vertices.

& Both: This is the most general case and a combination of the previous two. More complex update
schemes are necessary as changes can propagate in larger segments depending on the topology.
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Since the GNN training process is iterative, convergence monitoring is of the utmost importance. To
this end one of the mathematical cornerstone tools pertaining to the selction of the activation function ¢(+)
is theorem 5.1, namely the Brouwer fixed point theorem. When its conditions apply, a locally stationary
point x* can be found. This can be used in the design of convergence criteria and its velocity.

Theorem 5.1 (Brouwer fixed point theorem) If a mapping f: I — I is continuous and the interval I is
closed, then there is at least one x* € I such that equation (5.8) holds.

x* = f(x") (5.8)

In light of theorem 5.1 the result of the activation function can be thought of as the last state of a graph
control system. Continuing this line of reasoning, the set of local state vectors has a trajectory in a state
space which is terminated with appropriately designed convergence criteria such as the maximum relative
steady state normed difference taken over all vertices or the average one if more slack is to be given to
the GNN. Whenever labeled vertices are used, as in the next sections, then the number of labels changed
between two successive iterations can be used. This trajectory moves a GNN progressively in each iteration
from its initial state to a robust global ones. If the GNN state is to be estimated, it is to be done so in a way
such that it is consistent with convergence metrics. Regarding ground truth, it does not have to factor in
every single bit of information to lead to a steady state or to one out of the possible set of steady states,
which is also possible, but it has to include critical knowledge to ensure convergence.

5.4 Twitter affective coherent community discovery with GNNs

5.4.1 GNN architecture

The state vector sy associated with each vertex vx € V has the structure shown in equation (5.9). Specifi-
cally, its first two components are structural. They are followed by five functional and three more affective
features. By the very definition of these attributes, they are unsigned. Also they were selected based on
recent scientific literature recommendations and their meaning is explained in table 5.2.

T
sk=[re rex fik oo fok aik ek ask] (5.9)

The GNN described in this section finds a label I for each vertex vy pertaining to its emotional polarity,
which estimates the unknown corresponding true polarity label I;. To derive the estimated labels the
local information as well as the GNN topology with the particular connectivity patterns will be used. The
aggregation takes into consideration state vectors from the neighboring vertices.

Table 5.2: Vertex state attributes.

Attribute Meaning Attribute Meaning

ik Number of follow relationships fik Number of tweets
ok Number of inverse follow relationships  fo Number of retweets
aik Number of positive hashtags fk Number of hashtags
ask Number of negative hashtags fak Number of mentions

ask Number of neutral hashtags fok Number of replies
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Figure 5.2: Community discovery is the holy grail of graph mining.

For every vertex its corresponding initial label IIEO] is numerically determined by equation (5.10). The
three individual fractions determining the fractions of the hashtags with positive, neural, and negative emo-
tional polarity. The polarity is computed with natural language processing (NLP) as shown in algorithm
1. Thus, these starting vertex labels, which are first order approximations of the true polarity sentiment,
will be known as the NLP labels. Computing the affective sign of a hashtag requires determining the sign
of the difference between the positive and the negative words of it as shown in algorithm 1.

ai k
S —— ark > azk
ayk +axk
[0] & as k
lk - —_—_ a2,k > al,k € I() (510)
aik +ask
0 apr = ag

During the j-th iteration labels are updated as in (5.11). Therein aggregation takes place over every
neighboring vertex v; of vx. The index * n the activation function argument signifies that if a label has
been updated, then the most recent label is used. The local label receives as much weight as that of entire
combined neighborhood, preservving stability locally. Also neighborhoods must be substantially large and
sufficiently polarized to influence the outcome during only a single iteration. Algorithm 2 summarizes the
operation of the GNN on a very high level with references to the appropriate equations.

W= ¢(ﬁ2—0(l;£j_l] + Z Yi5i,kl,~[*])) (5.11)

In equation (5.11) fy is a hyperparamter calibrating the activation function argument by expanding its
domain. Additionally, y; is the followers-to-all ratio as shown in (5.12) and §; x computes online influence
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Algorithm 1 Assigning affective polarity to hashtags

Require: Hashtag h coded as a case-sensitive string
Ensure: Sentiment polarity of hg is computed

1: set counter ¢y to zero

2: for all words w of hg do

3. if w is positive according to SentimentAnalysis then

4 add one to ¢g

5. else if w is negative then
6: subtract one from ¢,

7 end if

8: end for

9: return sign (cg)

and acts as a vertex weight. The first fraction denotes the fraction of the original content v; generates by
tweeting to the total content it forwards to its connections by tweeting and retweeting. Along a similar
line of reasoning, the second fraction measures how many replies are specifically directed to v;. The third
fraction connects v; with vy through pairwise hashtag coherency regardless of affective polarity.

s T s L fui fui JEY

T2 and Seio + +
Yorii U3\ fuit i futfu St fak

(5.12)

Algorithm 2 The proposed GNN

Require: State vectors as in equation (5.9)
Require: Label change threshold 7,
Ensure: Robust affective polarity labels {li}

1: obtain intial labels {l,EO]} from algorithm 1
: repeat
for all vertices vy do
update local label i as in equation (5.11)
end for
. until the relative steady state difference drops under 7;
: return labels {I;}

2
3
4:
5
6
7

5.4.2 Results

There are two benchmark graphs shown in 5.3, one sampled using hashtags about a time of festivity and
another about a very polarized and heated event. The year 2021 marks the two hundred year milestone
from the Greek Revolution of Independence of 1821. Although many celebrations were canceled because
of the COVID-19 pandemic, Twitter activity about the anniversary soared with mostly positive comments
and references to historical events along some complaints mainly about the cost of the events or the fact
many of them did not take place. On the other hand, the 2020 US Presidential Elections took place in a
rather charged and polarized political climate among accusations about fake news, inflammatory hashtags,
and acerbic comments with Twitter playing a central role in the respective campaigns of both parties.
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Table 5.3: Benchmark graph synopsis.

Property 1821 US2020
Number of vertices |Vj,| 132.317 147.881

Number of edges |Ep| 2.225.177 2.447.224
Density pj, / Log-density pj, 16.8170/1.2393  16.5486 / 1.2357
Completeness &, / Log-completeness & 2.54E4/0.6196 2.38E"%/0.6173
Number of triangles T, 446.513 489.773
Number of squares Sy 215.387 218.633
Number of cliques of size four Cy, 102.044 125.806

Graph diameter Ly 10 11

Percentage of vertices reachable at L, — 1 95.33% 98.17%
Percentage of vertices reachable at L, — 2 93.26% 96.44%
Percentage of vertices reachable at L, —3  89.11% 91.22%
Percentage of vertices reachable at L, — 4  84.73% 87.47%

Number of favorites Fj, 36.994.815 42.114.509
Number of tweets W}, 17.465.844 22.773.674

Relative steady state difference vs iteration
1 T T T T T

— US2020

Relative steady state difference

0 50 100 150 200 250 300
Iteration

Figure 5.3: Relative steady steady difference vs iteration.
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In table 5.3 the graph density pj is defined as the ratio of the number of the edges to the number of
vertices. Because of the Euler graph forumla, density is also an approximation of the average graph degree
as shown in equation (5.13). The log-density p; is similarly defined as the ratio of the respective order of
magnitudes of the number of edges to the number of vertices. Observe that in (5.13) the selecton of the
base of the logarithm is of no consequence because of the base change property of the logarithm.

» |En| 2
h=— = — deg (vr) and
Pl T T 2 e

o €V)

, » In|Ep| . log. b
= th 1 = b 5.13
A wi ogy a log. @’ abc # 0 (5.13)

The completeness &, of a graph is defined as the ratio of the edges of a graph to the edges of a fully
connected graph with the same number of vertices as shown in equation (5.14). Also the log-completeness
&}, is defined in a similar fashion as the order of magnitude of the edges of these two graphs.
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Figure 5.3 shows the GNN convergence rate for the two benchmark graphs as measured by the relative
steady state difference, namely the fraction of the labels changed in each iteration. The power law and
the cutoff power law of table 3.1 were fitted to these curves. The exponent and the normalized MSE are
shown. It can be seen that for the 1821 graph convergence is quicker. On the contrary, convergence is
slow for the US2020 graph after an initial stage of little progress. The exponents y, indicate a relatively
graceful reduction. Moreover, the power law yields higher values as the LS fitting yields a straight line with
a steeper curve. the fractional exponents indicate fractal patterns in the distribution of hashtag frequencies
such as self-similarity and heavy tail. Also, for both benchmarks the cutoff power law yields lower error.

Table 5.4: Results for the LS solutions.

Graph Model Yo MSE Graph Model Yo MSE
1821 Power law 2.6511 1.1682 US2020 Powerlaw 2.8617 1.1895
1821 Cutoff 2.488 1 US2020 Cutoff 2.6322 1.0184

The fraction of labels flipping sign after the GNN training in the benchmark graphs is shown in table 5.5.
For the 1821 graph the NLP labels of algorithm 1 were fairly accurate, but this not the case for the US2020
graph as a considerable number of accounts flipped sign. This can be attributed to the overall positive
atmosphere of the 1821 graph, whereas US2020 graph echoes a toxic and polarized political climate. This
can also be seen in table 5.6 where the total sentiment polarity for the benchmark graphs is shown.

Table 5.5: Fractions for sign flips of 1821 (left) and US2020 (right) graphs.
Positive Negative Positive Negative
Positive-GNN  67.33%  32.67% 64.28%  33.72%
Negative-GNN  49.11%  50.89% 45.15%  54.85%
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Table 5.6: Social graph sentiment analysis.
Positive Negative
1821 75.92%  24.08%
US2020 62.18%  37.82%

Given the above, the difference between algorithm 1 and the GNN can perhaps be explained in the
following way in a wider context. Twitter conversations, especially the charged ones, often contain a
significant number of ironic tweets which by no means are to be taken literally as their true meaning hides
in the subtext. Thus, processing tweets with NLP, which focus on syntax alone, can lead to confusion in
many cases. On the contrary, GNNs by aggregating local information yield a more accurate result.

5.5 GNN for edge fuzzy Twitter graphs

Account
behavior

Emotional
polarity

Follow Retweet
patterns patterns

Figure 5.4: The proposed account behavior model.

In this section the emotional coherency of a social graph is extended by taking into consideration that
the communication between any two accounts may well reveal infomation about them. Thus, the edges of
a social graph seldom are a neutral conduit of information, but instead they get their own characteristics
over time which can also be mined. In order to describe the proposed architecture some concepts need to
be defined. First the class of edge fuzzy graphs is introduced in definition 5.1.

Definition 5.1 (Edge fuzzy graph) An edge fuzzy graph is the ordered triplet shown in equation (5.15).
G=(V,Eh) (5.15)
The elements in (5.15) have the following meaning:
& The vertex set V. In this context each vertex corresponds to a single Twitter account through a bijection.
& The fuzzy edge set E C 'V X V. The connectivity patterns therein reflect the social graph dynamics.

& The functional h : E — Iy maps each edge to a probability drawn from a single distribution.
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Weight functions vs edge probability
1 T T

— inv.linear

—inv.square

Weight function
o
©

T
|

o
iy
T
I

0.5 :
0 0.2 0.4 0.6 0.8 1

Edge probability

Figure 5.5: Weight functions.

The proposed GNN architecture models the communication strength between accounts as the partial
uncertainty that the edge connecting them belongs to the graph, expressed through a probability. The
latter depends on an attribute set and hence it is local, but in the general case it may be a function of the
features of neighboring vertices as well. The model capturing the nature of an edge is shown in figure 5.4.
Moreover, the probability p; ; for edge e; ; between vertices v; and v; is computed as in equation (5.16).
Therein three factors are taken into consideration:

& A directed follow link from the i-th account to the j-th is indicated by the binary indicator F; ;.
& The ratio of retweets number r; ; of the i-th account coming from the j-th to the total retweets R.

& The correlation factor c; ; of the emotional coherency of the hashtags of the i-th and j-th accounts.

Fy
N rij w ]
pI‘Ob {edge (vi,vj)} =pij = WfFi,j + WV% +wWeCij = [Wf ?r WC] rij| = WTfi’j (5.16)
~—— — Ci,j
wT ~——

fi,j
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The weights of the linear combination in (5.16) encode the sign and relative strength of each factor
contribution, namely how much each factor participates to the edge probability existence and whether
such participation reinforces or weakens said probability respectively. Moreover, they ensure the numerical
stability of p; ;. Equation (5.16) is a linear estimator of the true probability that the respective edge exists
and it is progressively refined with each round. The coefficients wg, w,, and w, act as weights of the relative
contribution of each term. Although they can be adaptive depending on the messages exchanged between
the i-th and j-th Twitter accounts, the elements of weight vector w received numerical values according
to the semantic strength of the respective factor. Therefore, the least value is given to w, as the emotional
coherency is the weakest link between any pair of accounts, especially since it may be updated. Then w,
gets the next bigger value, as frequent retweets imply a somewhat coherent and strong connection. Finally,
the largest weight is assigned to the case when there is a follow as it is permanent until revoked.

The sentiment estimation [["] of the i-th Twitter account during the current iteration r, counted in dis-
crete rounds in the context of this dissertation, is computed by the elements of the vector of equation (5.17).
Therein the aforemetnioed vector consists of a triplet of emotional polarity scores. Its elements evolve from
the corresponding starting ground truth vector obtained from algorithm 1.

T

li[r]é ”;[:i] ”;[:i] ”_(E,ri] (5.17)

For each edge in the graph between vertices v; and v; there is a corresponding weight J; ; as shown
in equation (5.18). The weight is a function of the edge probability p; ; and typically denotes either the
difficulty of a message or flow to cross that edge as in computer or electrical networks or a critical threshold
that needs to be reached like in human neurons. In table 5.7 the options used here are shown along with
their main numerical and algorithmic properties. Depending on the underlying field, f(-) is chosen to
be smooth so that it can be easily approximated by a Taylor expansion of appropriate order and that its
derivative can be computed, as it is typically linked to instantaneous transfer in the case of network flow.
Also the path length length (P) of a path P is the sum of the weights of the edges comprising that path.

8i;=f(pij) and length(p) = > &, with edge(v;0;) =edge(ij)  (5.18)
edge(i,j)eP

There are many options for the link function f(-) whose form depends on the underlying task as well
as on algorithmic and numerical considerations. One of the most common options is the inverse, but it
has the disadvantage of being almost singular close to zero, generating thus excessive weight values. An
alternative to it is the inverse linear function, which may not decay quick enough in some engineering
scenarios. The inverse square function does that and has a natural interpretation as a potential function,
but it suffers from Runge’s phenomenon, which is similar to Gibbs phenomenon in Fourier analysis.

A long graph path p in (5.18) can be approximated as in equation (5.19). Depending on the decay rate of
the link function, the integral may not converge. However, for the above choices it does. In figure 5.5 the
inverse linear and the inverse square are shown for Iy. It can be inferred they are strictly decreasing and
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Table 5.7: Fuzzy function options.
Name Formula Properties Applications

Inverse 8i;i=1/pij Easily integrable Fuzzy graph databases
Discontinuity in I
Resistance function
Capacity function

Inverse linear  §;;=1/(1+p;;) Easily integrable Fuzzy graph databases
Discontinuity outside I
Bounded capacity function

Inverse square  &;; =1/ (1 + p?, j) Easily integrable NLP graphs

No discontinuity in R
Prone to Runge’s phenomenon
Potential function

everywhere smooth, expressing that the more likely an edge is to belong to the graph, the easier to cross.

Inds —Ind; inverse
d> 1+ dQ
length (p) =~ f(r)dr = {2In T34 + (do — dy) inverse linear (5.19)
1 1
2(arctan (do) —arctan (d1)) + (d2 —dj) inverse quadratic

The label update mechanism of the proposed GNN architecture is given in (5.20) and it is derived from
(5.11). The two differences is that the activation function is the hyperbolic tangent of (3.25) as now the
argument is signed. Moreover, the fuzzy edges are factored in. The neighbor index j ranges over all inbound
neighbors of the i-th vertex. It is a higher order mechanism as the state vector of a vertex is recursively
updated. The iteration indicator * will be used as in the preceding section.

S
ple+1] _ ® (%(ZU—” + Z %l][*])) (5.20)
J

5.5.1 Results

Table 5.8 has the normalized number of iterations as a function of the hyperparameter f; of (5.20) for the
graphs of table 5.3. Said normalization is per graph and per weight function to illustrate the comparative
effect of hyperparameter 5. Moreover, in order to highlight the role of the emotional attribute c; ; of (5.16)
on the convergence rate the same GNN is run with the latter removed from the initial ground truth vectors
as well. It can be seen that including c; ; accelerates converge. This can be explained by the the fact that
the behavioral factor adds an independent dimension making easier vertex differentiation.

The above factors suggest that variability in the weight space as well as in the vertex profile increase the
flexibility of the update mechanism of (5.20). This is in accordance with the standard pattern recognition
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Table 5.8: Normalized number of iterations as a function of the hyperparameter f.

Hyperparameter Graph Invlinear Invlinear+beh Inv.square Inv.square+beh

0.5 1821 1.49 1.26 1.37 1.38
0.7 1.45 1.24 1.32 1.23
0.8 1.39 1.16 1.27 1.15
0.9 1.33 1.08 1.22 1.07
1 1.28 1 1.19 1
0.5 US2020 1.41 1.17 1.33 1.13
0.7 1.42 1.14 1.29 1.11
0.8 1.37 1.09 1.25 1.08
0.9 1.29 1.05 1.21 1.03
1 1.24 1 1.18 1

maxim stating that mapping data to a space of higher dimensionality facilitates their clustering. On the
other hand, the curse of dimensionality imposes a limit on how big this new space can get. As both spaces
used in this work however are low dimensional, this does not constitute a problem.

Table 5.9: Emotional distributions (pos/neu/neg) computed with the best value of f.

Graph Init Inv.linear Inv.linear+beh Inv.square Inv.square+beh
1821 0.64/0.24/0.12  0.68/0.14/0.18  0.73/0.15/0.12 0.69/0.15/0.16 0.74/0.14/0.12
US2020 0.28/0.23/0.49 0.21/0.22/0.57  0.17/0.16/0.67 0.22/0.22/0.56 0.16/0.16/0.68
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Chapter 6

Conclusions

When a rule is extremely complex, that which
conforms to it passes for irregular (random)
Gottfried Wilhelm Leibniz (1646 — 1716)
“Discourse on metaphysics” (1686)

6.1 Chapter introduction
THIS chapter is not of technical nature in a strict sense since neither algorithms nor results are pre-
sented. Instead, the purpose of this chapter, as given in objecive statement 6.1 below, is to provide a
general overview of the work presented in the preceding three chapters, namely chapters 3, 4, and 5 which
constitute the very heart of this dissertation.
Objective 6.1 (Chapter objectives) The twofold objective of this chapter is the following:
& The conclusions of this dissertation are collected, categorized, presented, and extensively commented on.

& The research papers written by the author as well as the distinctions earned are shown.

77
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In this way the reader can better understand the topics of this work from a much broader and wider
perspective, especially when it comes to topics requiring algorithmic sophistication, cutting edge pro-
gramming with advanced software tools, or both as such skills are necessary for higher order knowledge
mining. Additionally, inspiration for future research directions may well come from the material presented
here. Finally, interested undergraduate, masters students, or people seeking a second career' ** * > may get
a better understanding of the requirements in this field.

One way to characterize the neural network architectures presented in this dissertation is the taxonomy
given in table 6.1, which is by no means unique. This shows the diversity of the architectures as well as
their potential for further evolution and for being tailored to a broad spectrum of computational tasks.

Table 6.1: Architecture taxonomy.

Architecture Properties
Tensor stack networks ~ Supervised learning
Regular grid

Centralized learning

Natively handling tensor data
Self organizing maps Unsupervised learning

Regular grid

Distributed learning

Tensor metrics required for tensor data
Graph neural networks  Unsupervised learning

Irregular grid

Distributed learning

Tensor metrics required for tensor data

The remainder of this chapter is structured as explained below. In section 6.2 general references about
related research topics are given. Said papers were written by the author. Then, in section 6.3 the general
conclusions regarding higher order methodologies for mining humanistic data can be drawn based on
the technical material presented in the previous chapters. Therein emphasis is placed on the directions of
modelling power or expressive power as described in subsection 6.3.1, computational complexity as discussed
in subsection 6.3.2, space complexity as explained in subsection 6.3.3, and digital awareness which is the
focal point of subsection 6.3.4. The research contributions of the author as well as the figures of merit
regarding this work are given in more detail in section 6.4. Finally, the prospects and the potential of the
higher order methods in the near future are given in section 6.5. The preceding description of the structure
of this chapter underline its special nature and function.

‘https://www.theguardian.com/money/2012/apr/20/rise-of-second-job
*https://www.forbes.com/sites/tracybrower/2024/03/12/best-jobs-to-consider-when-making-a-career-change
*https://www.monster.com/career-advice/article/how-second-careers-start-hot-jobs
*https://www.weforum.org/agenda/2023/05/workers-multiple-careers-jobs-skills
*https://hbr.org/1983/a-second-career-the-possible-dream
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6.2 Previous work

The bibliography regarding the topics covered in this dissertation has been given already in the respec-
tive bibliographical sections of the previous chapters. The purpose of this section is to briefly describe
research papers by the authorwhich have not been covered in the previous chapters, but they are relevant
nonetheless. Their scope covers the entire category spectrum of academic literature and ranges from high
level surveys to articles and conference papers, their common point being higher order methodologies.
Please note that the papers presented in this subsection represent research milestones, excluding the pa-
pers the chapters of this dissertation are based on as seen on table 6.2. For an evaluation of the relevancy
of the topic of every paper by the author to this work please see section 6.4.

Table 6.2: Research papers forming the basis for each chapter.
Chapter  Papers
Chapter 3 [DM20] and [DKMI21]
Chapter 4 [DGMS20b]
Chapter 5 [DGMS20a] and [DKMS21a]

Graph mining is one of the foundations of this dissertation. As such, many of the research papers
presented here pertain to it. Chronologically the first work is [KD14] which presents a space efficient
data structure for evolving graphs supporting vertex and edge attributes based on splay trees. The next
research milestone in this direction is [DBM15] where higher order graph centrality metrics have been
implemented in Java whereas the graph was stored in Neo4j. Then in [DKT16b] system theory concepts
such as polynomial decay has been applied to evaluate graph centrality metrics and a polynomial model
has been fitted in the LS sense to centrality scores. Also [DKM16] proposes a set cardinality estimator
which has been applied to biological data, but it is generic enough to be applied to other data types as
well including graphs. For instance, cardinality estimators can quickly approximate vertex degrees in
large graphs. Approximating a directed graph with an undirected one under sparsity constraints based
on the polar decomposition of the adjacency matrix is explored in [DKMS21b]. Finally, in [DM22a] a
genetic algorithm for quickly finding graph communities based on the Boolean semiring factorization of
the adjacency matrix.

The first major SNA paper by the author is [DKMS17] where higher order vertex centrality metrics are
impleneted and analyzed. In [DKT17a] random walkers for fuzzy graphs are defined and used for graph
clustering. Analysing the factors influencing brand loyalty for Twitter accounts is the focus of [KDK*19].
Searching in LinkedIn for trusted candidates was explored in [DKMAK20]. An algorithmic scheme for
decompressing Twitter graphs while adding information learned by TSNs from similar graphs is described
in [DKMI21]. Discovering sentiment potential in Twitter graphs is done in [DKMS21d]. Finally, clustering
graphs based on structural, functional, and cognitive attributes with SOMs is the topic of [DGSM22].

Behavioral considerations were explored in [DGMS20c], where the influence of behavioral analytics in
computer science is studied. In [DVM20a] the players of a cultural game have been classified based on
the Bartle taxonomy, which has been used as the ground truth, using game features as well as cognitive
attributes. Clustering fMRI images representing cognitive tasks is the central point of [DGMS20b].
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6.3 Conclusions

6.3.1 Modeling power

Finding good models for humanistic data and, for that matter, for every type of data is more an art
than a science as a myriad of factors should be taken into consideration. Tensors are at the core of higher
order methods. Algorithms relying on them are more flexible in the sense that the more than one pair
of variables can be used, as is the case with linear algebra. Although the latter could model some special
cases, especially blinear and quadratic functions, and with some tweaking maybe a few more cases or
for certain special input, tensor algebra can naturally handle data with more complex structure such as
graphs [DGMS20a; DKMS21b; DKMS17; KD14; Dral6], matrices [DKMAK20; DM22a; DKMS21d], images
[DGMS20b], sets with relationships defined over its elements [DKM16], and documents [DKK*17].

Data Information

Knowledge

v

A

Awareness

Knowledge

Information

Data

Figure 6.1: Proposed model.

Accurately capturing the interplay between the independent variables can lead not only to more efficient
implementations with respect to code complexity, but also it can provide the intuition and inspiration
necessary to develop groundbreaking algorithms relying on purely on tensors and the properties found
in higher dimensions in order to yield novel results. The natural inclusion of multiple factors in tensors
additionally allows the expression of non linear relationships suitably linearized through expansions such
as Taylor or Volterra series, possibly in iterative schemes [DKMS17; DMS19]. The latter rely on linear
kernels and have been applied to DSP including blind channel equalization and multiple input and multiple
output (MIMO) digital telecommunications scenarios.
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6.3.2 Computational complexity

Although the term computational complexity is broad enough to include a wide array of factors con-
tributing to a computational task, in the context of this work the focus will be on the computational task
per se in the sense of operation cost, whether these operations take place on a CPU or on a GPU or even
on a dedicated TPU. Although this is a rather strong assumption given the vast performance differences
stemming from the different technological paradigms and implementation limitations of these three plat-
forms, it allows placing emphasis on the computational core of the problems at hand and thus a focus on
algorithmic and implementation complexity. Additionally, this sort of complexity is perhaps the oldest
performance benchmark for nearly all computational tasks and virtually all audiences are familiar with it.
By definition, the approach used here to evaluate computational complexity excludes other common met-
rics such as communication and synchronization complexity, memory requirements and transfers across
the memory hierarchy, code complexity, and networking bottlenecks.

Scale is instrumental, especially in graph mining and graph ML. Tensor factorizations and tensor based
neural network architectures can efficiently create lower dimension projections [DGMS20b] of the data
space which can be mined in order to yield approximate results with respect to some quality criterion
[DVM20a]. Then these initial results can be progressively improved as more data arrive [KD14]. In this way
not only meaningful results from large humanistic graphs can be obtained with reasonable computational
cost. Extending this reasoning, results of various resolutions can be derived which, depending on the
underlying engineering scenario, can be satisfactory.

6.3.3 Space complexity

With the recent advent of big data memory requirements both in terms of sheer data volume and of
seeking data across memory hierarchy have become a major consideration. Memory requirements for
large graphs are no exception to this as not only vertices, but also edges must be stored. For sparse or
evolving graphs this is a major challenge since algorithmic schemes exploiting structural patterns or graph
dynamics. Tensor factorizations yield sparse graph representations which can stored in memory hierarchy
levels closer to the actual processing units. Moreover, symmetries in these schemes can further decrease
memory requirements. In this way the traffic between memory hierarchy levels is relatively low. However,
this heavily depends on the optimality criterion for tensor factorizations, as the latter critically influences
the form and sparsity of the factored tensor form [DM22a]. Along a similar line of reasoning the tensors
in TSNs [DM20] and the tensor distance metric for SOMs [DGMS20b] can reduce memory requirements
since they can yield lower dimension projections of the input tensors or, in certain cases, they can operate
directly on them [DKMI21]. Additionally, clustering tensors before processing can have an effect to the
main information processing similarly to the effect data preprocessing has on existing ML pipelines.

6.3.4 Digital awareness

The proposed model changes the relationship between data, information, and knowledge by introducing
digital awareness as shown in figure 6.1. The traditional view is to pass from a very large amount of raw
data to information and then to knowledge. The latter is typically non trivial information and it can be
determined by a number of criteria, whether algorithmic or functional. This work proposes a pyramid
structure where the dependency of each layer from the ones below it can be immediately seen. Additionally,
digital awareness has been added to the top of the pyramid since it relies on refined knowledge extracted
gradually from raw available data.
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Digital awareness can be considerably increased because of the factors mentioned above. The intuitive or
even the counterintuitive formulas can be inspiring and help gain a better understanding of the underlying
field. Concrete examples shown in this work include:

& The clustering of fMRI images taken during the execution of various cognitive tasks [DGMS20a].
This can be attributed to the higher order high spatial correlation of pixels in brain imaging due to
the high resolution of fMRI images as well as to the high degree of brain resiliency and reconfigurable
rewiring. As shown in ...

& Understanding the resiliency of communication networks in terms of explainable and intuitive struc-
tural patterns as well as of the interplay thereof can assist human operators in quickly locating soft
spots in critical digital infrastructure as shown in section 3.4.2.

& In the context of SNA efficiently discovering emotionally reslienct Twitter communities can help
social media operators and content managers to create tailored content, achieving thus a higher
degree of content diffusion and visibility [DGMS20c; DGK20]. Moreover, finding affective coherent
Twitter communities sheds light into community structure as well as to the ways ideas and messages
pass through social media.

An important distinction must be made at this point. Digital awareness pertains to the enhancement
of human perception through digital technology per definition 1.3. This is considerably different from the
concept of explainable Al, which is currently the focus of intense interdisciplinary research. The latter is
about designing efficient yet transparent Al whose results can be readily explained from human operators
and stakeholders. Therefore, it focuses on algorithms, whereas digital awareness focuses on humans.

6.4 Contributions

6.4.1 Overview

In this section the research contributions by the author and the various distinctions of the work done
in the context of this dissertation are explained here. Said research papers are categorized with respect to
the field their primary topc pertains to and their relevance to this dissertation is assessed. Moreover, there
is a short chronological analysis of the time these papers were published, so that the research flow, so to
speak, can be understood. For the milestones in the research behind this dissertation, please see section
6.2.

6.4.2 Distinctions

To ensure the quality of this dissertation a number of steps were taken by the author in coordination with
the academic advisor, including a detailed initial research proposal and a research plan which was annually
updated. These are detailed below in addition to the distinctions with resulted from them, highlighting the
level of effort put in this work and the consistency the research plan was implemented with.

& Fach research paper included not only in the main text of this dissertation, but also cited therein
were submitted exclusively to dblp® indexed venues. This ensures a rigorous review process as well
as high visibility. Moreover, easy and reliable access to these papers is guaranteed.

‘www.dblp.org
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& A language description file for Cypher’, the declarative query language Neo4j based on ASCII art®°,
suitable for use with the listings* package for KIgX. The latter package allows the inclusion of source
code snippes in BIEX and XgiIEX documents, increasing thus their expression power.

& In 2018 the author won a Titan Xp 3000 GPU in a PhD competition. Said competition was based on
the research proposals and the prospective applications of each PhD candidate and it was on a global
scale. This acknowledges the research potential of the topic of this dissertation.

& Afigure of merit is that [DKK*17] was one of the reference works of the Kaggle'* COVID-19 scientific
literature competition'? **. Said competition has been organized in 2021, namely at the height of the
pandemic and has been indexed by the ACM digital library**.

& Another figure of merit is the listing of [DLS*19] and [DTSM18] in the Wiki page® of the online
encyclopedia of integer sequences (OEIS)*.

& The author was the main organizer of two workshops pertaining to the topics of this dissertation.
Said workshops were part of CIKM in 2021*” and 2022*® organized by ACM"*. The activities of this
workshop series are described in the respective editorials [DK21] and [DK22c].

& In 2022 the article [DKMAK22] submitted to IJAIT journal®*® won the Nikolaos Bourbakis award?®* **.
This article was based on the work of the author. Also see figure 6.2.

4 Additionally, the above workshop has been described in an article [DK22b] to ACM SIGIR Forum?.

& At the time this dissertation was written, the author had an h-index of 19 as reported by Google
Scholar®.

& Finally, at this point it should be highlighted that the material presented here has been already pub-
lished in its entirety in peer-reviewed conferences and journals. Therefore, an additional quality
safeguard has been intentionally added to the content.

"It is a reference to the secondary antagonist of The Matrix.
*https://en.wikipedia.org/wiki/ASCII_art

*https://www.asciiart.eu

%https://ctan.org/pkg/listings

“https://www.kaggle.com
?https://deepai.org/publication/covid-19-multidimensional-kaggle-literature-organization
Phttps://dl.acm.org/doi/10.1145/3469096.3474927
“*https://dl.acm.org

Phttps://oeis.org/wiki/CiteD

*Shttps://oeis.org
https://www.cikm2021.org/programme/workshops
“*https://www.cikm2022.org/workshops

Pwww.acm.org
*https://www.worldscientific.com/worldscinet/ijait
*https://www.worldscientific.com/doi/10.1142/S0218213023820018
*https://ionio.gr/en/news/28223
“https://sigir.org/forum/issues/december-2022/
**https://scholar.google.com/citations?user=QJOAYikAAAA]
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In the remaining of this section the research papers by the author are summarized according to their
respective fields. Therefore, this appendix serves as a central point for the titles of these papers as well
as their respective overviews and their relevance to the topic of this work as described in the research
proposal [Dral7]. They have been collected to a dedicated location such that the flow of the main text is
not interrupted. Moreover, the reader can easily find the reference of a specific paper. It is noted that the
bibliography section of this appendix covers the following two types of contributions:

& Research papers written by the author as partial fulfillment of the requirements for obtaining the
PhD. The number of papers written every year during the PhD studies is shown in table 6.3.

& Contributions related to the above papers. They are papers which contributed to the PhD progress,
but could not have been included in this dissertation due to space limitations.

The decision to include the contributions of the second category in the bibliography section of the ap-
pendix was taken on the grounds that although each research paper of the first category can undoubdtedly
be understood on its own right, knowledge of the preceding papers can give context information as well
as intuition to the reader. In any case, the papers of the second category were not factored in the results
shown in table 6.3, where the number of contributions per year is shown as stated earlier.

Table 6.3: Contributions per year.
2017 2018 2019 2020 2021 2022 2023 2024 Total
4 1 2 10 7 3 4 1 32

Another way to look at the contributions is to group them by field. In table 6.4 the same contributions
are now shown with respect to their primary field. From the amount of research papers it follows that
the focus was almost equally divided on abstract topics, namely deep learning and graph mining, and
on applications, namely social network analysis and behavioral sciences. This balanced approach was in
part inspired by the need to demonstrate the viability and feasibility of the proposed techniques. This in
turn generated new questions based on observations of the application of the latter in practice, effectively
becoming the respective central points of more contributions. In other words, this was an upwards spiral
which has already bore and, most importantly, still keeps bearing fruits. This is also consistent with the
applied nature of computer science. Moreover, it is worth mentioning that both application fields not only
are relatively new, but also connect computer science with other sciences such as sociology and psychology.
This clearly illustrates the interdisciplinary nature of the research behind this PhD.

Table 6.4: Number of contributions per field.
Deep learning Graph mining Social networks Behavioral Total
8 9 9 6 32

In order to evaluate the global research interest of the four fields of table 6.4, the four entries of these
table were queried against Google Scholar® for the duration of this PhD. The results are shown in table 6.5
and they indicate a significant interest in overall.

*Access date: June 24th 2024.
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Table 6.5: Scientific works per field per year.
Year Deep learning Graph mining Social networks Behavioral sciences

2017 685K 183K 1.77M 1.18M
2018 1.IM 201K 1.7M 1.13M
2019 1.18M 183K 1.43M 967K
2020 1.11M 190K 1.4M 835K
2021 827K 161K 1.05M 611K
2022 496K 131K 0.57M 395K
2023 261K 76.2K 0.34M 243K
2024 (8 mo.) 156K 425K 0.19M 181K
Total 5.815M 1.28M 8.45M 5.54M

Along a similar line of reasoning the term humanistic data was used as input to Google Scholar*. The
results are shown in table 6.6. Because of the interdisciplinary nature of these data, these results were not
constrained to computer science research papers.

Table 6.6: Scientific works for humanistic data per year.
2017 2018 2019 2020 2021 2022 2023 2024 Total
423K 422K 443K 446K 438K 435K 329K 164K 310K

Please note there is an intrinsic relationship between the topics listed above which not only leads to
an overall thematic coherence of this dissertation, but also results in a unified and easily understood story
summarizing the greater context of mining graphs created from humanistic data. Therefore, the reader can
benefit in a multitude of ways. Additionally, true to its topic in a meta level, the structure of this text also
exhibits a higher order structure expressed as a sequence of pairwise conceptual interactions. Specifically,
the following connections were explored between the research papers of tables 6.7, 6.8, 6.9, and 6.10:

& DL methodologies are versatile enough to be applied to the rest of the abovementioned fields. This
unifies algorithmically and technologically the topics of this work in a single and coherent narrative.

& Graph mining techniques besides being of interest on their own right they can be directly applied to
SNA. Moreover, they rely heavily on DL to natively and efficiently handle graphs.

& SNA is currently perhaps the most well known application of graph mining and the source of the
largest graph datasets, some of which are publicly accessible through digital repositories like SNAP?".

& Behavioral sciences can benefit from graph mining and DL in order to discover behavioral pattterns.
Additionally, they can be applied to SNA in the case of affective communities.

The remainder of this section is structured as follows. In section 6.4.3 contributions pertaining to DL
including GNNs and tensor distance metrics. Section 6.4.4 contains the research papers relevant to graph

*¢Access date as before.
*"http://snap.stanford.edu
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mining. They are more abstract contributions with a broad spectrum of applications. In the related sec-
tion 6.4.5 the contributions to SNA, some of them based on the background work on graph mining, are
explained. Works with a behavioral focus are collected in section 6.4.6. Finally, the software used in this
work is mentioned in section 6.4.7.

6.4.3 Deep learning

The field of DL is currently one of the major drivers for a wide array of technological and financial fields
including medical imaging, digital content creation, e-commerce, autonomous vehicles, smart contracts,
and robotics to name only a few. Especially humanistic data processing, which is characterized by the
challenges described in chapter 1, has been made considerably easier through advanced and disruptive DL
algorithmic breakthroughs with various deep architectures including GNNs, TSNs, CNNs, RNNs, LSTMs,
autoencoders, GANs, and more recently temporal networks and transformers. DL methodologies tailored
for or applied to humanistic data tend to have one or more of the following characteristics:

& The extraction of non-trivial latent knowledge from sources generating massive human activity re-
lated data. The majority thereof comes from online social networks, in particular Twitter and more
recently Reddit. Both social media offer easy and intuitive APIs and additionally have the least num-
ber of constraints as to the volume of the data collected and as to the time window for doing so.
Although the methodologies developed for mining social media heavily rely on the properties of the
underlying medium, they can often be adapted to other fields also built around linked data. This is
particularly true for techniques exploiting primarily structural aspects such as connectivity patterns.

& Methodologies designed for interconnected data may well result in the discovery of new depen-
dencies, leading in turn to more accurate and reliable models for the application field. This is an
especially important property for humanistic data which are frequently created by highly non lin-
ear processes. Although the latter are typically inaccessible or at least not readily observable, their
working dynamics and complexity are reflected in the various higher order and memory patterns
inherent in the data. Consequently, algorithmic mining strategies must have comparable complexity
if meaningful results are to be eventually obtained from higher order humanistic data.

& When a data model is readily available from the problem description or it is inferred or even partially
estimated from observations, then intelligent or adaptive control techniques can be employed in
order to predict the trajectory of the humanistic data source in an appropriately selected state space.
This can subsequently be the basis for further processing such as similarity comparisons, selecting
between alternative trajectories, or deducing analytically or numerically whether said trajectory can
reach a specific point and, if so, after how much time. Therefore, such models can capture essential
aspects of the underlying dynamics and translate them to invaluable performance metrics.

& Given the sheer data volume in most realistic scenaria, dimensionality reduction is a major goal.
Linear algebraic decompositions such as SVD or polar factorization achieve exactly that and so do
tensor decompositions. The latter allow the creation of one or possibly more efficient and concise
data representations lending themselves to subsequent tractable processing. This includes among
others sorting, interpolation, extrapolation, filtering, clustering, as well as various queries includ-
ing temporal and spatial ones. Moreover, depending on the nature of the application, tailored and
efficient aggregators can be built.
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Deep neural network architectures fit the above points by offering considerable reconfiguration capa-
bilities. Since these architectures have, as stated earlier, a high degree of adaptability, they are one of the
learning mainstays. Another DL driver is the highly efficient code of contemporary languages which are
suitable for data driven scenarios such as Julia. Since many of such languages are interpreted, self ref-
erential code can be written in order to decrese development time and generate template code. This can
be achieved in a variety of methodologies including code reflection and polymorphic code, both natively
supported in Julia. Here it is worth mentioning that code reflection is a powerful programming technique
since the days of DOS viruses including (c)Brain*® and the polymorphic* and metamorphic® ones.

In table 6.7 are shown the research papers covering recent DL topics. In particular, there can be seen a
variety of contributons whose common denominator is the use of a DL methodology in order to discover
knowledge in humanistic data and mine it efficiently.

Table 6.7: Deep learning contributions.
Work Relevance

[KDM24] GNN:ss for Industry 4.0 process graphs

[DGSM22] Tensor distances combined with an SOM architecture for recommendation
[DM22a] Genetic algorithm for Boolean semiring matrix factorization

[DKMS21b]  Iterative matrix polar decomposition for approximating directed Twitter graphs
[DK21] A variant of [DGMS20a] for fuzzy Twitter graphs

[DKMS21a]  Overview of DL challenges in the behavioral sciences field

[DGMS20a] GNN for evaluating the affective coherence of Twitter graphs

[DGMS20b]  Tensor distance metrics for task classification from fMRI images

Total 8

In table 6.7 the first research paper listed, namely [KDM24], focuses on GNNs for Industry 4.0 process
graphs. The latter frequently have multiple edges with different labels between the same pair of vertices. By
exploiting the coherence between sets of labeled edges, the accuracy in recovering noisy processes graphs
increases significantly. The GNN architectures proposed in [DKMS21a] and [DGMS20a] discover affective
coherent Twitter communities. Tensor distance metrics are the focus of [DGSM22] and [DGMS20b]. Ap-
proximating directed graphs with undirected ones based on density through polar factorization is at the
epicenter of [DKMS21b]. Discovering graph communities based on the Boolean semiring factorization of
the graph adjacency matrix is explored in [DM22a]. Finally, DL methodologies with affective applications
are surveyed in [DKMS21a].

6.4.4 Graph mining

Graph mining plays a crucial role, quite frequently in the form of an analytics stack for very large graphs,
across numerous applications. The topics of the research papers listed in table 6.8 are quite representative
of the multitude of possible applications.

**https://en.wikipedia.com/wiki/Brain_(computer_virus)
*https://www.kaspersky.com/resource-center/definitions/what-is-a-polymorphic-virus
*https://www.kaspersky.com/resource-center/definitions/metamorphic-virus
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Table 6.8: Graph mining contributions.

Work Relevance

[KD14] Space efficient data structure for persistent graphs
[DLTM138] Graph resilience metric computation with parallel computing
[Drai16] Higher order centrality metrics in Java over Neo4;j
[DBM15] Tensor fusion of centrality metrics

[DKMI21] Twitter graph decompression with TSNs

[DM20] Graph resiliency evaluation with TSNs

[DGK20] Graph community discovery algorithms with Neo4;
[DKMAK20] LinkedIn search algorihms for finding trusted candidates
[DK20] Topological graph correlation coefficient

Total 9

The focus of [DBM15] is using the tensor adjacency matrix to combine Twitter influence metrics to
a higher order one, which is continued in [Dral6]. Therein tensor fibers play an important role. Adja-
cency tensors are used to combine structural attributes with existing knwoledge from similar graphs for
decompressing Twitter graphs in [DKMI21]. Along a similar line of reasoning tensors are used to repre-
sent multilayer graphs built from LinkedIn attributes to find trusted candidates in [DKMAK20]. Multilayer
graphs can be represented by adjacency third order tensors in a very similar way ordinary graphs can be
represented by adjacency matrices. In the former case the edges of a single graph layer form one tensor
layer, typically along the first and second dimension, namely along rows and columns respectively, leaving
thus the third tensor dimension, frequently thought of consisting of fibers, for layer indexing. However,
it should be emphasized that there are other ways to algebraically represent multilayer graphs. Graph
resiliency is the topic of both [DM20] and [DLTM18]. In the former TSNs are used to assess structural
resiliency as shown in chapter 3, whereas in the latter a closed form structural metric is proposed. Ap-
proximations to the topological correlation coefficient are explored in [DK20]. Finally, in [KD14] a novel
technique for fully persistent graphs based on splay trees is presented. It is generic enough to be imple-
mented in diverse computational environments and development stacks. Moreover, it lays the groundwork
for a Java graph processing framework, currently under development.

6.4.5 Social network analysis

The advent of interconnected era has been marked by the rapid development of a global transportation
and communication networks similar only perhaps to those which faciliated the consolidation of the British
empire over vast land and sea masses in the Victorian era®'. Arguably it is being currently witnessed the
bottom up creation of a planetary digital nervous system, driven primarily by the insatiable human need
for unobstructed communication. Content creation and disemmination has reached unsurpassed levels
and it fuels, along with other factors, the technological civilization. Table 6.9 lists the relevant papers.

Finding influential Twitter accounts based on a multitude attributes provided by Apache Storm is the
focus of [SDK*21]. Selecting databases for storing social graphs is facilitated using the recommendations
proposed in [MDMS21]. Higher order properties of humanistic data are exploited in both [DKMS17] and
[DGGS20]. In the former Twitter composite centrality metrics based on existing ones are proposed, while

*'https://en.wikipedia.org/wiki/Victorian_era
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Table 6.9: Social network contributions.
Work Relevance

[MDMS21] Recommending database architectures for social mining tasks

[SDK*21] Discovering influential Twitter accounts with Apache Storm attributes
[DSK*20] Spatiosocial tensor clustering to discover lingustic Twitter communities
[DGGS20]  Multicriterial community discovery in Twitter

[ ] Prediction of brand loyalty for Twitter verified accounts

[DKT16b]  Characterizing Twitter influence with system theory concepts
[DKMS17]  Higher order account centrality metrics

[DKT17a]  Random walkers for clustering fuzzy graphs

[DST*17]  Application of tensors to ontologies

in the latter a community discovery scheme based on multiple criteria fused in a tensor is given. Clustering
fuzzy graphs with the help of random walkers whose probability of crossing an edge is a function of the
probability of that edge beloning to the graph is explained in [DKT17a]. The brand loyalty of verified vs
unverified Twitter accounts is the subject of [KDK*19]. Using system theory concepts to find influential
Twitter accounts is explored in [DKT16b]. Clustering a third order tensor representing various linguistic
and structural attributes of Twitter accounts yields spatiosocial communities in [DSK*20]. Lastly, tensors
can be used to extend ontologies in [DST*17].

6.4.6 Computational behavioral sciences

Behavioral sciences (BH) and their computational aspects have lately emerged as a focal point of inter-
disciplinary research. Moreover, they are a prime source of humanistic data of high variability, large size,
and with higher order dependencies.

Table 6.10: Behavioral science contributions.
Work Relevance

[DVMS21]  Affective applications of graph mining
[DVM20a]  Player classification based on the Bartle taxonomy with behavioral attributes
[DGMS20c]  Study of the convergence of behavioral science and cultural content

[DPSP19] Speech emotion recognition

[DKK*17] Biomedical document tensor clustering

[DM22c] Behavioral boosting of contemporary educational trends
Total 6

The Bartle taxonomy is currently the basic player categorization scheme which has been extensively
used in the gaming industry for developing analytics and it is rooted in behavioral patterns [DVM20a]. An
overview of graph mining to SNA from an affective standpoint is the topic of [DVMS21]. A more extensive
survey is [DGMS20c]. Speech emotion recognition is the focus of [DPSP19]. Third order tensors extending
the term-document matrix are clustered in [DKK*17]. Finally, the behavioral aspects of current digital
education trends are explored in [DM22c].
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6.4.7 Computational tools

Python®® has evolved over the years to a lingua franca in the fields data science and MLd due to its
widespread adoption. The primary reasons for this are the following:

& The vast collection of libraries and supporting utilities such as package managers.
& The short development and debugging times.
& The easy code and dependency management through virtual environments.

& The use of Python in nearly all computer science university departments.

TensorFlow™ is a low level library with Python API among others. TensorFlow can naturally accept
and handle tensors of multiple dimensions, including sparse ones, and create operation execution graphs.
Sparse tensors are critical in scalable DL algorithms as explained in subsection 6.3.3. Another popular
package is PyTorch®*, which offers numerous DL methods.

Some of the latest parts of this work have been written in Julia in the form of applications relying on
its wide array of built-in methods, native support for multidimensional arrays, and rarely on third party
packages written for graph mining. Julia has a persistent reputation for having a strong and committed
community frequently engaging in vigorous testing. Additionally, there is a wide choice of ways for learn-
ing the language, most of which can be found at the central Julia Web site*, including videos and hands-on
programming exercises. Finally, the similarity of the name and syntax of Julia methods with their MATLAB
counterparts makes transition from the latter to the former easier.

Neo4j*¢ is one of the leading graph databases as well as one of the prominent examples of NoSQL collec-
tion of database paradigms. Neo4j offers both functional capabilities and declarative ones. The latter are
done through Cyper, an ASCII art based language which natrally expresses simple graph patterns. One of
the most popular Python drivers for Neo4;j is py2neo.

6.5 Prospects

The topic of this dissertation is the development of higher order knowledge mining techniques for graphs
created by humanistic data. The inherently distributed nature of information in such graphs plus the
challenges of mining it including potentially missing values, growing scale, and evolving nature make the
invention of such techniques difficult. Given that humanistic data are literally everywhere where human
activity can be found and moreover that such data can often be easily and naturally treated as graphs, the
value in extracting tangible and working knowledge from such data is tremendous as generally shown in
chapter 1 and additionally explained in chapters 3, 4, and 5.

*https://www.python.org
*https://www.tensorflow.org
**https://pytorch.org
»www.julialang.org
**https://neod4j.org
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& Tensors allow for better understanding of the interaction between multiple factors as well as sepa-
rately analyzing each. This is especially important in humanistic data like images and graphs where
spatial, temporal, and functional proximity modes are equally important. Decoupling these modes
in the general case is naturally done with tensors. However, the transformations achieving this can
be expensive. Thus, efficient or approximate versions thereof need to be found.

& Preprocessing with the intent of sparsification is paramount for efficient tensor processing, whether
in a TeSP or in a TSN setting. A suitably designed preprocessing scheme can save a considerable
number of either operations or block moves across the memory hierarchy or even across clusters.
Preprocessing cost is thus justified, especially when it is run only once against multiple data tensors.

& Knowledge transfer from DSP can lead to adaptive filtering specifically for tensor data. For instance,
adjacency matrix factorization similar to that of Lee-Seung iterative scheme or polar factorization
can be developed. Alternatively transform domain algorithms based on the Laplace tensor of a graph
can be instrumental in analyzing humanistic data.

& Distributed large scale implementations of the above in distributed digital ecosystems like Spark®”
taking advantage of the directed acyclig graph model can be the computational core of the future
massive graph processing systems. Such systems should be built with link oriented data in mind
from the beginning and provide native support for graph data structures.

& Regarding GNNs, their scaling capabilities should be further investigated along with any advantages
memory effects may have to offer, as locality is not the only major graph property. Moreover, the
effect of strategic vertex drop out instead of randomly doing so can be explored.

& Aggregation models in GNNs operating at various scales and selecting different attribute sets or
sketeches thereof should be developed. This should lead to GNNs simultaneously viewing different
aspects of the data and, thus, yielding results depending on the processing scale.

Given the above, the research prospects in the field look bright.
Easter eggs: There are in in the text. They are not so well hidden, so that the reader can spot them.

If you have read up to here, thank you!

*"https://spark.apache.org
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International Journal on Artificial Intelligence Tools —
Vol. 32, No. 3 (2023) 2382001 (1 page) World Scientific
(© World Scientific Publishing Company

DOI: 10.1142,/S0218213023820018

www.worldscientific.com

Winners of Nikolaos Bourbakis Award for 2022

LJAIT committee for the Nikolaos Bourbakis Award decided, for implementation
of the award for 2022, to evaluate all regular papers published in IJAIT in 2022 as
well as those in the special issue dedicated to ICTAI-20 conference.

The committee based its evaluation on the comments of the reviewers, at a first
stage, and on their content (problem under study, approach followed, mathematical
modeling), at a second stage. Finally, the committee decided that the following
paper is the winner of Nikolaos Bourbakis award for 2022:

e G. Drakopoulos, E. Kafeza, P. Mylonas and H. Al Katheeri, Higher
Order Trust Ranking of LinkedIn Accounts with Iterative Matrix Methods,
Int. J. Artif. Intell. Tools, Vol. 31, No. 7, 2260001-1-23, November 2022,
doi: 10.1142 /S0218213022600016.

The US$500 cash award will be shared among the authors of the paper.

Congratulations to all authors of the paper!

2382001-1

Figure 6.2: Announcement of the 2022 Bourbakis award.
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Appendix A’

World events

Progress is impossible without change; and those who
cannot change their minds cannot change anything.
George Bernard Shaw (1856 — 1950)

A'.1 Appendix introduction

HE primary purpose of this appendix is to provide a brief summary of the major world events which

took place as the author understood them while writing the research papers mentioned in chapter 6

or this text itself. This serves as a reminder that the world moves on and evolves also outside university

labs. These events are listed in tables A".1 and A’.2. Links to some of these events are included® >**° ¢ 7.

Moreover, the movies, books, and research papers in the bibliography section are general recommendations
and they have been a major source on inspiration for the author.

‘https://en.wikipedia.org/wiki/Monroe_Doctrine
*https://edition.cnn.com/2022/10/10/business/william-shatner-new-book-boldly-go-scn/index.html
*https://variety.com/2022/tv/news/william-shatner-space-boldly-go-excerpt-1235395113
*https://time.com/6318343/jimmy-carter-birthday-99-grandson

*https://www.youtube.com/watch?v=fbvs4fVRaf8
‘https://apnews.com/article/trump-trial-deliberations-jury-testimony-verdict-85558c6d08efb434d05b694364470aa0
"https://www.govinfo.gov/app/details/GPO-J6-REPORT/context
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Table A’.1: Major events in the world.

Year Month Event

2017 March Nintendo Switch is released
SpaceX completes the first rocket reflight
Brexit negotiations start

May WannaCry ransomware attack

Ariana Grande concert ISIS bombing attack
June ISIS London bridge attack
August The Great American Eclipse

December  US recognizes Jerusalem as Israel’s capital
December  TIME person of the year: Silence breakers

2018 January US federal government shutdown
Blue Blood Moon Eclipse
March Sergei and Yulia Skripal poisoning
Xi Jinping becomes president for life in China
April NASA launches Transiting Exoplanet Survey Satellite
May ETA is dissolved in Spain
General Data Protection Regulation (GDPR) is enacted in EU
June Treaty of Prespes signed between Hellas and North Macedonia
Saudi Arabia allows women to drive
August Apple is the first public company with a market capitalization of one trillion

December  Civil unrest in Paris
Second US federal government shutdown
TIME person of the year: The guardians

2019 January Jair Bolsonaro becomes president of Brazil
March Venezuela expels the German ambassador
EU fines Google €1.49 billion over anti-trust violations
April Julian Assange is arrested after seven years in the Ecuador embassy in the UK
Japanese emperor Akihito abdicates from his throne
May Gulf of Oman incident

November Public impeachment hearings against Donald Trump
December  First COVID-19 case in Wuhan
December  TIME person of the year: Greta Thunberg
2020 January Impeachment trial against Donald Trump begins
Wuhan is quarantined
UK and Gibraltar officially withdraw from EU

March Yahoo! time capsule from 2006 is opened
May Protests after the murder of George Floyd in the US
July Prominent Twitter (not X) accounts hacked to promote cryptocurrency schemes

November  US Presidential elections. Joe Biden wins
December  TIME person of the year: President Joe Biden, Vice President Kamala Harris

2021 January J6 insurrection
April Russia warns NATO not to send troops to Ukraine
June G7 agrees to a global 15% corporate tax

September ~ AUKUS trilateral security agreement
Olaf Scholz is the new German chancellor

October Captain Kirk actually flies in space
Windows 11 are released

December New Caledonia independence referendum
TIME person of the year: Elon Musk
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Table A’.2: Major events in the world (continued).

Year Month Event
2022  January The five UN Security Council members jointly declare a nuclear won cannot be won
February = Russia and China express concerns over NATO expansion
Russia invades Ukraine
May The Event Horizon Telescope captures the supermassive black hole of Milky Way
October Elon Musk buys Twitter (not X) for $44 billion
December  TIME person of the year: Volodymyr Zelensky, the spirit of Ukraine
2023 February  Russia withdraws from New START agreement with the US
Train crash in Tempi, Thessaly, Hellas
March OpenAlI launches GPT-4
UBS buys Credit Suisse for CHF 3 billion
Israeli judicial reform protests
April Finland joins NATO
Nuclear power in Germany ends after half a century
SpaceX’s Starhsip rocket launches. And explodes
May First Republic bank in the US fails and is auctioned
Elections in Hellas
June More elections in Hellas
A boat carrying immigrants capsizes off the coast of Peloponnese
Titan submersible implosion
July EU and the US sign a data communication agreements
October President Jimmy Carter turns 99
Coach Giannis Ioannidis passes away
Music festival event
November First global Al safety summit in London
December  TIME person of the year: Taylor Swift
2024 January Egypt, Ethiopia, Iran, and UAE become BRICS members
Japan becomes the fifth country to do soft landing on the Moon
March Sweden joins NATO
Al Act is passed in the EU
May Donald Trump is convicted of felony crimes
June European elections

Twitter (not X) makes like private
Mark Hamill reacts to making like private
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Figure A’.1: Stairs - M.C. Escher.
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